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Abstract: In this paper we prove that the existence and approximation results for nonlinear functional
hybrid differential equations are involving the Caputo fractional derivative order 0 < a < 1 using the
hybrid fixed point theorem by using Dhage theorem.
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1.Introduction: Fractional calculus is generalization of ordinary differential equation and integration to
arbitrary integer [ 15,17]. They have a played an important role in development of fractional calculus as a
pure theoretical field ,useful only mathematicians [19].In last few decades fractional differential equation
are useful in various field of applied science and engineering in physics ,chemistry, biology, control
theory, electrochemistry, viscoelasticity, feedback amplifier and electric circuit[14,16,18,19].fractional
differential equation have to collect something significant intersect in recent year due to rapidly
development of fractional calculus across the various field. Recently Dhage[1-8] and Jadhav[3,4]
,Lu[9,11],Herzallah and Beleanu[12,13] are studied the quadratic perturbation of nonlinear differential
equations has captured much attention. They have importance of the investigation of hybrid differential
equations [10]. The existence solution has generalized to the fractional order hybrid functional differential
equation.

L 1x(0) ~ FOx(a()] = gt x( (D)) ac.telto, to +al,

x(to) = Xo, (1.1)

where forall f e I X R - R,.g:IJ X R > R are continuous function where J = [t,, t, + a] is bounded
interval in ‘R for some t, and a € R with a > 0, C(J X R, R) is the class of continuous function.

In this paper we study the existence and approximation of solutions to using Caputo fractional order hybrid
functional differential equations by using the Dhage’s theorem.

In next section, we introduced some basic definitions, theorem and auxiliary results are used in subsequent
section of the paper lastly, we prove the main result.

2. Preliminaries: Let 3 = [t,, ty + a] be a closed bounded interval in R where t, = 0,a > 0.we denote
the function C(S, R) for the space of continuous functions x: I — R. The space C(T, R) in Banach space
with the supremum norml|. || is given by,

x|l = sup|x(t)| for xe C(T,R) (2.1)
te]
andx <y & x(a(t)) < y(a(t)) (2.2)

let (E, <.||.||) denote a partially ordered normed linear space. Two elements x and y in E are said to be
the comparable if either relation x < y ory < x holds. A nonempty subset C of E is called chain or totally
ordered if all the element of C ae comparable then E is known as E is said to regular if for any
nondecreasing sequence{x, }ney in E such thatx, - x* as n — oo then x,, < x* orx, > x* for all neN
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particular the space is C(SJ, R). The regularity in E may be found Guo and Lakshmikanthan [21,22] and
there references their function in[10,16,18,20].

Definition2.1: [7] A mapping T: E — E is called the nondecreasing if the order relation is preserved under
T, that is for any x,y € E such that x < y, then we have Tx < Ty.

Definition2.2[7,8] An upper semi-continuous and monotone nondecreasing function y: R, = R, is
called D-function provided {(0) = 0.An operator T:E — E is called partially nonlinear D-
contraction if there exist D-function s such that,

ITx — Tyl < Y(lx = yID (2.3)
For all comparable elements x,y € E,where 0 < Yi(r) < r forr > 0.

In particular, if Y(r) = kr,k > 0, T is called a partial Lipschitz operator with Lipschitz constant k and
moreover, 0 < k <1 ,T is called partial linear contraction on [E with contraction with a contraction
constant IK. Moreover T is said to be nonlinear ) -contraction if it is nonlinear D) -Lipschitz with (j) <
jforallj > 0.

Definition 2.4[7,8]: Let E be nonempty set equipped with an order relation < and a metric . we say that
the order relation < and the metric D are compatible if the following property ,is satisfied: if {x, }neyn 1S
a monotone sequence in [E for which a subsequence {xnk}keN of {x,}nen converges to x*,then whole

sequence {x, }peyconverges to x*.Similarly if (E, <, || ||) Is partially ordered linear space, we say that the
order relation < and the ||. || are compatible whenever the order relation < and the metric d induced by the
norm [|. || are compatible.

Definition2.5[7,8] An operator T: E — E is called partially compact aeE,the set C in E the set T(C) is
relatively compact subset of [E.an operator T is said to be partially totally bounded if for ant totally ordered
and bounded subset C of E the set T(C ) is relatively compact subset of [E. If T is partially continuous and
partially totally bounded, then the partially completely continuous operator in E.

Definition2.6[14,15,16] for f(t)e L(a,b) we see all integrable functions and a > 0 then the left
Riemann-Liouville fractional integral order « is defined by,

a _ 1 mn t _ a-1
1%f(t) = ro D J,t =D f(D)dr (2.4)
wherenis suchthatn—1<a <nand D =%
Definition 2.7[14,15,16] For a > 0 the left Caputo fractional derivatives order « is defined by,

Def(t) = [t =" f ()de (2.5)

, d
Wherenlssuchthatn—l<a<nandD=E

1
'n—-a)

Definition 2.8[14,15,16] The function xeC(SJ, R) is called the mild solution of the fractional nonlinear
hybrid functional differential equation (1.1) is satisfies the integral equation,

x(t) = f(t, x(a(®) + xo — f(to — x0) + ftto (t;iz:;_l g (s,x(y(s))) ,ds tEeS (2.6)

We remark that the mild solution is given by (2.6) is obtained by from (1.1) by applying the fractional
integral /* defined by,

196 () = — [ (t — 1) 'rf (D)dt

1
I'a)
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to both sides.

The following hybrid fixed point result [5,7,12] is often applied the existence and approximation of
solution of various differential and integral equations.

Theorem 2.1(|8,12]) Let (E, <, ||. [|)be a regular partially ordered complete normed linear space such that
the every compact chain C in E. let 4, B: E — E tobe nondecreasing operator such that,

a) A is partially nonlinear D-contraction.
b) B is partially continuous and partially compact.
c) Ther exists an element @, € X such that,

g < Ay, + By, orag = Ay, + By, .

Then the operator equation Ax + Bx = x has a solution x* and the sequence {x,} of successive iteration
defined by, x, = a, then

Xn+1 = Ay, + Bx, ,n =0,1,2,3, ...converges monotonically to x™.

Remark 2.1: The condition that every compact chain E is holds if every partially compact subset of [E
possesses the combability property with respect to the order relation < and the norm ||. || in it. this simple
fact used to prove the main results of the paper,

3.Existence theory

The function x € C(SJ, R)is Banach space with respect to above supremum and also partially ordered w.r.t.
the above partially ordered relation < . It is known as partially ordered Banach space C(J, R) is regular
and lattice so that every pair of the element of [E has a lower and an upper bound in it. See dhage [5,6,7]
and their reference there in [18].

Lemma3.1 Let (C(J,R), <, ||.|])be a partially ordered Banach space with norm ||.|| and the order
relation < is defined by (2.1) and (2.2) the respectively. Then every partially compact subset of C(S, R)

Proof: the proof of the lemma is well-known as appears in the papers of Dhage [3]. We introduce an order
relation < ¢ in C induced by the order relation < defined in C(J,R). Thus, for any x,y € C,x < cy it
implies that x(a(6)) < y(a(6)) for all 8 € I.Moreover if x,y € C(J,R)and x <y thenx, < cy(t)
forall t € I.

Definition 3.1[8]. A function xe C(J,R) is said to be solution of the HFDE (1.1) if

a)xy€ C.

b)x(t) € C for each te I,and

c) the function t » [x(t) — x(a(t))] is continuously differentiable on I satisfies the equation in (1.1),
we consider the following set of assumptions;

(H1) The function f: 3 X R - R andg: I X R — R are continuous.

(H,) f is nondecreasing in x for each t € J and x € R.

(H3)There exists Mlr > 0 such that 0 < |f(t,x)| < M forall te 3 and x € R.

(H4)There exists a D -Contraction @ such that,

0<|f(t,x)—f(t,y)| <O(x—7y) fort € Jandx,y € Rwithx > y.
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(Hsg) g is nondecreasing in x for t € J and x,y € R.
(Hg)There exists constant My, > 0 such that 0 < [f(¢,x)| < M for all te I and x € R.

(H) There exists function u € C(S, R) such that lower solution the problem (1.1) that is,

a2 [u(t) — ft,u(a(t))] <g (t,u(y(t))) ,teJandt € f(t,u(a(t), u(ty) < x <R.

dta
4.Main Result;

Theoremd4.1: Suppose that the hypothesis (H; — H;) are satisfied then the initial value problem (1.1) has
a mild solution x*, 3 € R and sequence of successive approximation x,, where n = 1,2,3, ..... defined by,

Xnt1(t) = f (t; xn(a(t))) +xo — f(to — xp) + fti (t;g;_l g (5; xn(s(y))) ds
x(a(t)) = u(a(t)),

Converges monotonically to x*.

Proof: We take the partially ordered Banach space E = C(J, R).we prove the existence of solution (1.1)
by considering the equivalence operator equation

Ax(t) + Bx(t) = x(t)
where Ax(t) = (t,x(oc(t)))

t (t— )0{—1
Bx(t) = xq — f(to — xo) + fto Fia)

g (s,x(y(s))) ds

for teJ we shall to prove that A and B are satisfy all conditions in theorem 2.1

Step I: First of all we prove that A and B are nondecreasing operators. For any x,y € E with x > y, we
obtain from the assumption (Hs)

Ax(t) = f(t, x(a(®) = f(t,y(a(®) = Ay(®)
This meaning Ais nondecreasing. For B we have from the assumption (Hsg)

9(sx(r®)) =g (s y(®))| ds

t(t-s)*1

Bx(t) - By(®) = |, —o

>0
For any x > y in E therefore the operator B is also nondecreasing.

Step II: We show that the operator A is satisfies the condition (a) in theorem 2.1 that is A is partially
bounded and partially nonlinear D-contraction on E, for this purpose. Let x€[E be arbitrary then by the
bounded condition (Hs) we see that,

Ax(®)] = |f (& x(a®))| < My

for all teI therefore ||Ax|| < M, which shows that A is partially bounded in E. Moreover, for any x,y €
E such that x = y we see that assumption (H,).

lax(a(®)) — ay(a(®)| = |f (t,x(a(t))) —f (t,y(y(t)))|
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< 8lx(a(®) - y(y(®)]
< @(llx(®) —y@®ID
< @(lx -yl

For teJ where the inequalities are obtained the condition that @ is the nondecreasing hence ||Ax — Ay|| <
@(|lx — y||) for all x,y € E with x = y. This means A is partially nonlinear D-contraction on [E and thus

partially continuous.
Step III: we prove that B is partially continuous and on E.

Let {x,}nenbe the sequence in chain E are satisfying x,, - x asn — co.then we obtain from the
boundedness of g in (H) is continuity of g in (H,)and the dominated convergence theorem.

Al_l}’lolo(]an) (t) = rlll—l;rolo (xO f(to,xo) + ftto (t—rii‘;_l g (S, xn(y(S))) dS)

< 11m Xo— 11mf(t0,x0) + 11m ft (= S)) (s xn(y(s)))

= ftx0) + J, S5m0 (5:(r) ds

= (Bx)(t)

for each t € 3 this implies that (Bx,) converges to (Bx) pointwise on ¥ and the convergence is
monotonic by the property of g. Next, we show that {Bx,, },,cy is equicontinuous in E.

Letty,t, €3 = [to, to + a] with t; < t,. We have
|(Bx,) (£2) — (Baxy,) (¢1)]
ty (tp—s)* 1 t1 (tg—s)%1
= | g (s (r(9) ) ds = [ 22— g (5,2 (v(5))) dis]

to I'(a)
—q)a—-1 _a—-1
< fttoz%g (s,xn(y(s))) ds — ft?%g(s,xn(y(s))) ds|
—_d)a—1 _\a—-1
+ ftil —(tzr(s;) g (s,xn(y(s))) ds — ft?%g(s, xn(y(s))) ds|

= ftzwg(s,xn(y(s))) ds|

ti  I'(a)

+ s L1 = %71 = (& = )97 Mg (5,54 (r())) ds|

t _ _ _
< 0N - Q“Hds+m)f|&2 ) = (&~ )| ds
:&aa—l(t _ ftll( _S)a 1—(t _S)a 1|d5
() 2 T b2
-0

as t, — t; = 0 uniformly for all n € N, where we use the dominated convergence theorem for the limit
in the second term above. this implies that Bx,, - Bx uniformly Therefore B is partially continuous on

E.

VOLUME 11, ISSUE 11, 2024 PAGE NO: 16



International Journal of Pure Science Research ISSN NO : 1844-8135

Step IV. Next, we need to prove the remaining condition of the operator B in theorem 2.1 that is B is
partially compact. Let C be the chain in E.we shall prove that B(C) is uniformly bounded and
equicontinuous in E,

Let y € B(C) be any arbitrary then y = B(x) for some x € C. By hypothesis (Hg) ,we see that

Y1 = 1BOO] = |xo = fto x0) + f; S g (5,50 (1)) ) ]

ty (t—s)*~ _ na-1
< Ixg = f(to, x0)] + 3¢5 [ 52 Ity — )% ds

< Ixo — f(to, x0)| + Ma )(t1 to)
<:K
for all t € J.Hence we obtain [|y(t)|| = ||B(x)|| < K for all y € B(C)is uniformly bounded. we next

show that B(C) is equicontinuous. Let y € B(C) be arbitrary and take t,, t, € J with t; < t, we have
|(Bx,) (t2) — (Bxy)(t)]

_c)a—-1 _\a—-1
= |22 g (5,20 (r(9))) ds = [ 52 g (5,20 (v(s)) )

< 12822 g (5,2 (r(9))) ds — [ 2 g (5,2 (v () s

I'a)

—g)a-1 _q)a-1
J2 g (5,2 (r()) ) ds — [ E5—g (5,2 (y(5)) ) ]

I'a)

= fttlz Mg (s, xn(y(s))) dS|

I'a)

+

s S0 = 9% = 6 = 9" Mg (s, (r())) s
[‘(a) ft2|(t2 s)* 1 ds + @ )f I(t, — $)% T — (t; — 5)%| ds

= —La%I(t, = t) + =L [](t, = )47 = (& — 5) | ds

I'(a) I'(a)
-0

ast, — t; — 0 uniformly y € B(C). This means B(C) is equicontinuous. It follows that B(C) is relatively
compact. Hence B is partially compact.

Step V: By hypothesis (H,),by the fractional hybrid functional equation (1.1) has a lower solution of u is
defined on J, such that ,

L [u@®) - fua®)] = gt u(y(©),t €3
u(ty) < xo

By formulating a mild solution, we see that,

t (t—s)*~

u(t) < f(t,u(a(t))) +xo — f(to, x0) + ft ) (s,x(y(s))) ds (4.1)

VOLUME 11, ISSUE 11, 2024 PAGE NO: 17



International Journal of Pure Science Research ISSN NO : 1844-8135

for t € 3. It follows that u satisfies the operator u < Au + Bu.

Thus, we conclude that the operators A and B are satisfies all conditions of Theorem 2.1. Then the
operator equation Ax + Bx = x has a solution. Moreover, we have approximation of solution x,, asn =
1,2,3,......... for the equation (1.1).

5.Conculsion

In this paper for proving the existence results however unlike existence the results, for nonlinear functional
hybrid differential and integral equation discussed in Dhage[4,6,8].we gave the definitions of mild solution
of the fractional order by using the Caputo fractional derivatives of order @ € (0,1) and then we discussed
the existence of at least one mils solution of lower and upper solutions such that u < v then the under
condition theorem 2.1 it has corresponding solution x,and x* ae these satisfies x, < x* Hence they are
the minimal and maximal solution of the hybrid functional D.
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