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Abstract.

In this paper, we introduce and study two new classes of fuzzy functions
by using the notions of » -fuzzy g-open sets and r» -fuzzy p-closure operator

called weakly r -fuzzy p-open and weakly r -fuzzy g -closed functions. The

connections between these r -fuzzy functions and other existing » -fuzzy
topological functions are studied.
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1. Introduction and Preliminaries.

S”ostak [18] introduced the fuzzy topology as an extension of Chang’s
fuzzy topology [4] and developed in many directions [7, 8, 17]. In fuzzy
topological spaces, a weaker forms of fuzzy continuity by many authors [1,
2, 3, 6, 20]. Kim and Park [9] introduced r-d-cluster points and é-closure
operators in S"ostak fuzzy topological spaces. Park et al. [11] introduced the
concept of fuzzy semi-preopen sets which is weaker than any of fuzzy semi-
open or fuzzy preopen sets. In 1968, Velicko [19] studied some new types of
open sets called 8-open sets and d-open sets. In 1963, Levine initiated a new
type of open set called semi-open set [10]. In 1993, Raychaudhuri and
Mukherjee defined 6-preopen sets [16] and 6-semiopen sets by Park [14]. In
2008, Caldas [5] obtained 6-semi-open sets. In 2006, Shafei introduced fuzzy
0-closed [21] and fuzzy 0-open sets. Recently, M.Palanisamy [12] & [13]
introduced r-fuzzy Z * -Open Sets and r-fuzzy Z* -Continuity and r-fuzzy Z
* -Open Sets and r-fuzzy Z* -Continuity sets in fuzzy topological spaces in
the sense of S ostak’s. In this paper, we introduce the concept of » -fuzzy -
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open sets and r-fuzzy pg-closure operator called weakly r-fuzzy p-open
and weakly r-fuzzy p-closed functions. The connections between these r -

fuzzy functions and other existing r -fuzzy topological functions are studied.
Also, discuss about some characterizations and properties of these notions.

Throughout this article, we denote nonempty sets by X,Y etc., 7 =[0,]] and
Iop =(0,1].. For ael, a(x)=a , VxeX Afuzzypoint x; for 7€ /q is an

element of 7X such that

t if y isequal to x

x ()=
0 if yisnotequalto x.

Let P (X) denote the set of all fuzzy points in X. A fuzzy point x; € u iff
t<ux). pelX is quasi-coincident with v, denoted by uquv , if 3x € X such that

u(x)+o(x)>1.

If u is not quasi-coincident with v, we denoted uqv . If A is a subset of X,
we define the characteristic function y4 on X by
1 if x€A
2t(x)= All notations and definitions will be standard in
0 if if xeA.
the fuzzy set theory.

Definition 2.2. [17]

A function r:7% — 1 is called a fuzzy topology on X if it satisfies the
following conditions:

(D) z(0)=z() =1,

(2) T(Viervi) = Aert(v;), for any {vl-} r CIX,

ie
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3) z(vi Avp) 21(v] Avyp), forany vy, el

The pair (X,7) is called a fuzzy topological space or S"ostak’s fuzzy topological
space or smooth topological space (for short, fts, sfts, sts).

Remark 2.3. [17]

Let (X,7) be a fts. Then, for every rely, r={ve X :7(v) 2 r} 1s a Change’s
fuzzy topology on X.

Theorem 2.4. [17]

Let (X,7) be a sfts. Then for each p el X rE Iy, we define an operator
C, X x 1 — 1% as follows:

Crlur)=nlvel™ i u<v,r(1-v)2r}..

For yoelX and r,sel 0, the operator C, satisfies the following conditions:
(1) ¢z (0.n =0,

(2) 2<CL(4,r),

(3) Cr (A, ) v Cr(p,r) = Cr(AV p1,1),

(4) Cz(A,r) < Cr(u,s) if r<s,

(5) Cr(Cz(A,1),r)=Cr(p,7).

Theorem 2.5. [21]

Let (X,7) be a sfts. Then for each py e/ X el 0, we define an operator

9

I, X x Iy —> 1% as follows:
I - X
r(u,ry=vivel” :u<v,r(v)2r}..
For u,vel X and r,s € I, the operator C, satisfies the following conditions:

(D Iz =1,
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(2) A=21,(4,r),

(3) Ir (A ) A (1) =1 (A A ),

(D) I (A < Ip(us) if r2s,

(5) I Uz (A,r),r) =17 (4,1),

(0) I;(1-2,1)=1-Cr(4,r) gng Cr(A-Ar)=1-1:(2,r)
Definition 2.6. [13]

A point x of X is called & -cluster point of A if 7,(C,(U,r),r)AA=¢, for
everyopen set U of X containing x. The set of all & -cluster point of 1 1is
called & -closure of 1 and is denoted &C;(A).

Definition 2.6.

Aset 11s & -closedifandonlyif 1=6C;(4,7). The complementofa & -

closed set is said to be § -open [13]. Then § -interior of a subset 4 of X 1is the
union of all § -open sets of X contained in 4

Definition 2.8.

Let (X,7) be a sfts. Then foreach 1e 17X re Io, A 1s called

2

1. r-fuzzy preopen (resp. r-fuzzy preclosed) [15] set if A <1,(C;(4,r),r),
(CrUr(A,r),r) < A),

2. r-fuzzy « -open (resp. r-fuzzy « -closed) [15] setif A <1.(C,(I;(4,7),7),7),
(Cr Uz (Cr(A,r),r),r) < A),

3. r-fuzzy f-open (resp. r-fuzzy f-closed) [15] setif A <C,(I;(C;(A,7),r),7)
(U7 (Ce(Cr(A,r),r),r) < 4),

4. r-fuzzy @-open (resp. r-fuzzy 6-closed) [5] setif 2 =0I,(A,r),

(A<6C,(A.r)),
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The family of all r-fuzzy preopen (resp. r-fuzzya -open, r-fuzzy g -open, r -
fuzzy 0 -open) is denoted by PO(X) (resp. aO(X), eO(X), SO(X), BO(X).

Lemma: 2.1 [15]

Let 2,4 be two subsets of (X,z) Then:

(1) A4 isr-fuzzy §-open if and only if A=1,(4,r) ,

Q) X - 81,.(4,r) =8C,(X\(A4r)and 8, (X\(4,r)= X-S1,.(4r),
B3)1;(4,r) <6C,(A,r) (resp. 1 ,(A,r) <I;(4,r))), for any subset 12 of X,

(4) 5-Co(Avu,r)=6-Cr(Ar)v-Cr(u,r),
S-1(Av u,r)=08-1.(Ar)v S -1.(ur),

Definition

A space X is called r-fuzzy extremally disconnected (E.D) [19] if the
closure of each r -fuzzy open set in X is open. A space X is called r-fuzzy
S -connected [1, 14] if X cannot be expressed as the union of two nonempty

disjoint r -fuzzy p-open sets.
Definition
A function f:(X,7)— (Y,0) is called:

(i) r-fuzzy p-continuous [13] if for each » -fuzzy open subset 4 of

Y, £ Y (wepox,q)..

(ii) r -fuzzy strongly continuous [3, 8], if for every fuzzy subset 4 of
X, f[(Co() = f (D).

(iii) r -fuzzy weakly open [15] if f(n)<1;(f(C;(n,r),r)) for each
r -fuzzy open subset n of X .

(iv)  r-fuzzy weakly closed [15]if C,(f(I;(F,r),r) < f(F) foreach
r -fuzzy closed subset F of X .

(v)  r-fuzzy relatively weakly open [15] provide that f(n) is r-fuzzy
openin f(C;(n,r)) for every r-fuzzy open subset n of X .
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(vi)  r-fuzzy almost open, written as (a.0.S) [13] if the image of each
r -fuzzy regular open subset n of X is r-fuzzy open setin Y.

(vii)  r-fuzzy preopen [13] (resp. r -fuzzy p-open, r-fuzzy «-open ) if
for each r-fuzzy open subset  of X, f() is r-fuzzy preopen
(resp. f(n) is r-fuzzy B-open, f(U) is » -fuzzy a-open) set in Y.

(viii)  r-fuzzy preclosed [18] (resp. r-fuzzy p-closed, r-fuzzy «-
closed) if for each »-fuzzy closed subset F of X, f(F) is r-
fuzzy preclosed (resp. f(F) is r-fuzzy p-closed, f(F) is r-fuzzy
a -closed) setin Y.

(ix)  r-fuzzy contra-open [13] (resp. r-fuzzy contra-closed [1], r -
fuzzy contra g-closed) if f(n) is r -fuzzy closed (resp. r -fuzzy
open, r-fuzzy p-open)in Y for each r-fuzzy open (resp. r -fuzzy

closed, r -fuzzy closed) r -fuzzy subset  of X.

2. Weakly r-fuzzy s-open functions.

In this section, we define the concept of r» -fuzzy weak g -openness as a natural
dual to the r -fuzzy weak p-continuity due to and Noiri [14] and we obtain

several fundamental properties of this new function.

Definition 2.1.

A function f:(X,7r) > (Y,0) is said to be r -fuzzy weakly g-open if
f < BUL(f(Cz(n,7),r) foreach r-fuzzy open set n of X.

Clearly, every r -fuzzy weakly open function is » -fuzzy weakly g-open and
every r-fuzzy p-open function is also r -fuzzy weakly g -open, but the
converse is not generally true. For,

Example 2.2.
X Y V4
Let XzYz{a,b,c} and pp,pp €I pp,p3 €l”, us €I” ofined as follows:

H1(a)=0.4, 11(b)=0.5, 11(c) = 0.6,

12(a)=0.4, 17 (b)=0.5,up(c) =04,
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u3(a)=10.6,u3(b)=0.5, u3(c) = 0.4,

Ha(a)=0.4, 14(b)=0.5,u4(c)=0.6, us(a)=10.6,u5(b)=0.5,u5(c)=0.4,

Define fuzzy topology 7,0, =1 X 51 asfollows

Lif 2 e 0.1}
1.
2—lf/1=ﬂ1,
T(4) = :
—if A =
2lf M2
0 if - otherwise
lif A e {01},
1
—if A =
2lf M3
1.
2—lf/1=ﬂ4,
o (1) = :
2—l'f/1=ﬂ3Vﬂ4,
1.
2—lfﬂ=ﬂ3 A M4,
0 if - otherwise
lif 2 e {0,L},
1.
n(i) = Z—Zfﬂ=ﬂ5,

0 if - otherwise

(1) Then the identity mapping id y : (X,7) > (Y,0) is %— fuzzy weakly S -open
set but not % -fuzzy weakly open.
(i) Then the identity mapping id x :(X,7) = (Z,n) is % fuzzy weakly £ -open

but not % -fuzzy f-open
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Theorem 2.3.

Let X be a r-fuzzy regular space. Then f:(X,7)— (Y,0) is r-fuzzy weakly S-
open if and only if fis r-fuzzy g-open.

Proof.
The sufficiency is clear.

For the necessity, let y be a nonempty r-fuzzy open subset of X . For each x
in y,let n,be an r-fuzzy open set such that xen, <C,(n,,r)< y. Hence we
obtain that y =v{n, :xe y}=v{C; (ny.r):x € x} and,

FO)=vify)ixe g} <VABL (F(Cr(ny.r))ixe x )< Br (f(AC (x7) 1 x € 1))
= Bl (f(x.7))-

Thus 1 is »-fuzzy g -open.

Theorem 2.4.

For a function f:(X,7) - (¥,0), the following conditions are equivalent :
(1) 7 1s r-fuzzy weakly g-open.

(1) £, (A, 1)< Bl (f(A,r) for every r-fuzzy subset 1 of X.

(i) oI, (f_l(,u,r))Sf_l(ﬂIT (u,r)) for every r-fuzzy subset u of Y.

(iv) f_l(ﬂCT (1,7)) < 6C, (f_l(,u,r)) for every r-fuzzy subset x4 of Y.

(v) For each xe X and each r-fuzzy open subset 9 of X containing x, there
exists a r -fuzzy pB-open set n containing f(x) such that n < f(C,(4,r)).

(Vi) f(U;(@,r) < Bl (f(w,r)) for each r-fuzzy closed subset @ of X.
(vil) f(D < B (fF(CL(Y,7),r) for each r-fuzzy open subset 9 of X.

(viil) f(I;(C;($7), 1)< BL(f(C(9,7),r)) for each r-fuzzy preopen subset 9 of
X.

X)If fF(H<PI(f(CL(Y,7),r) For each r-fuzzy a-open subset ¢ of Xx.
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Proof. (i) — (i1) : Let 2 be any r -fuzzy subset of X and x e @/, (4,r). Then,
there exists an r -fuzzy open set 4 such that xe $<C,($) < 1. Then,
f(x) e f(9)<f(C(3,r)< f(A). Since f is r-fuzzy weakly g -open,

S S Bl (f(Cr (8.1, m) S Bl (f(A,r). Tt implies that /(x) < B (f(4r).
This shows that xe £~ LB, (f(4,7). Thus @I, (A,7) < £ V(B (f(4,7)), and so,
SO (A, )< Bl (f(A,7)).

(i1)) — (1) : Let & be an r -fuzzy open setin X. As $<0I,(C,(9,r)) implies,
£ < fO(Cr(%7),1)) < Bl (f(C7(9,7),7). Hence f is r-fuzzy weakly -
open.

(i1) — (i11) : Let x4 be any r-fuzzy subset of Y.
Then by (ii), £(017(f ™ (Cr(u,7), 7)< Bz (3,7).

Therefored - (f ' (u.r) < £~ (Bl (u,r).

(ii1) — (i1) : This is obvious.

(iii) — (iv) : Let x be any r -fuzzy subset of ¥ . Using (iii), we have
X-0C(f N =ar, (X - m=a (v -pr)

< B ) = 7O = BC () = X = (TN BC ().
Therefore, we obtain £~ (BC, (1)) <0C, (f "L, r).

(iv) — (iii) : Similarly we obtain, X — £~V (Bl (i, 1) < X -6 (f " (1)),

for every r-fuzzy subset x of Y, i.e., 0, (f_l(,u, r))Sf_l(ﬂIT (u,7)).

.(1) = (v): Let xe X and 9 be an r-fuzzy open set in X with xe X . Since f
is r-fuzzy weakly g-open. f(x)e f(9) < I, (f(C,(3r),r). Let
n=pl;(f(C;(&r),r). Hence n < f(C,(4,r))., with n containing f(x).

(v) — (i) : Let ¢ be an r-fuzzy open setin X and let y e £(9). It following
from (v) n < £(C,;(9,r)) for some 7 is r-fuzzy g-openin Y containing y.
Hence we have, y en < gl (f(C;(9,r),r)). This shows that

S < Bl (f(Cr(8,r),1),
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1e., f 1s a r-fuzzy weakly g-open function.
(1) — (vi) — (vii) — (viii) — (ix) — (i) : This is obvious.
Theorem 2.5.

Let f:(X,r)— (Y,0) be a bijective function. Then the following statements are

equivalent.

(1) f 1s r-fuzzy weakly p-open.

(1) BC (f (&) < f(C,(9,r)) foreach 9 is r-fuzzy open of X .
(ii1) BC,(f(U;(@,7),7) < f(w)for each o is r-fuzzy closed in X .

Proof. (i) — (iii) : Let @ be a »-fuzzy closed set in X . Then we have
JX-0)=Y-f(o) Bl (f(Cr(X~-w,r),r)) and so
Y- f(0)<Y-BCr(fU(w,r),r). Hence SC,(f(I7(@,r),r) < f(w).

(i) — (i1) : Let 9 be a r-fuzzy open setin X . Since C,(9,r) is a r -fuzzy
closed set and $<17,(C;(9,r),r) by (ii1) we have
BCr(f (1)< PCr(fU(Cr(8,r),r),r) < f(Cr(8,1)).

(i1) — (ii1) : Similar to (iii) — (ii) .
(ii1) — (1) : Clear.
Theorem 2.6.

If £:(X,7r)> (Y,0) is r-fuzzy weakly g-open and r -fuzzy strongly

continuous, then f is r-fuzzy p-open.

Proof. Let 9 be an r -fuzzy open subset of X . Since f is r -fuzzy weakly -
open f(H<PBl(f(Cr(37),7))). However, because f is r-fuzzy strongly
continuous, f(9) < Bl;(f(4,r)) and therefore f(9) is r-fuzzy p-open.

Example 2.7.

A r-fuzzy B-open function need not be r -fuzzy strongly continuous.
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Let X = {a, b, c}, and let T be the indiscrete topology for X. Then the identity
function of (X, 1) onto (X, 1) is a B-open function (hence weakly B-open
function) which is not strongly continuous.

Theorem 2.8.

A function f:(X,7) > (Y,0) is r-fuzzy p-open if fis r-fuzzy weakly g -open
and relatively r -fuzzy weakly open.

Proof.

Assume f is r-fuzzy weakly g-open and relatively r -fuzzy weakly open. Let
9 be an r -fuzzy open subset of X and let ye f(9). Since f is relatively r -
fuzzy weakly open, there is an open subset n of ¥ for which
f(H=f(C;($r)An.Because f is r-fuzzy weakly p-open, it follows that
S < B (f(Cr(9,r),1)). Then ye pl (f(Cr (9,1, M) An< f(Cr($r)An=[f(9)
and therefore f(9) is r-fuzzy p-open.

Theorem 2.9.

If 7:(X,7)—> (¥,0) is r-fuzzy contra g-closed, then 1 is a r-fuzzy weakly g
open function.

Proof.

Let 9 be an r-fuzzy open subset of X . Then, we have
S <F(Cr(9,r) =PI (f(Cr(9,r),r). The converse of Theorem 2.9 does not
hold.

Example 2.10.

A r-fuzzy weakly pg-open function need not be » -fuzzy contra g-closed is
given from Example 2.2(ii). Next, we define a dual form, called complementary
r -fuzzy weakly g -open function.

Definition 2.11.

A function f:(X,7r)— (Y,o0) is called complementary r -fuzzy weakly g--open
(written as c.w.p.0) if for each r -fuzzy open set ¢ of X, f(Fr(9,r)) is r-fuzzy

p-closed in Y, where Fr(4,r) denotes the frontier of .
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Example 2.12.

A r-fuzzy weakly f-open need not be r-fuzzy complementary weakly /3 -open.

Let X = {a,b,c},Y ={a,b} and p|,up,u3 € X Hd s 1S5 16 € 1Y defined as follows:
m1(a)=0.4, 11 (b) =0.6, 11 (c) = 0.6,
12 (a)=0.4, 12 (b) =0.5, up (c) = 0.6,
#13(a)=0.6,u3(b)=0.6, u3(c)=0.6,
#4(a)=0.6, 14 (b) =0.6, 114 (c)=0.5
u5(a)=0.5,u5(b)=0.5,14(c)=0.4

16 (a)=0.5, 116 (b) = 04,114 (c) = 0.4,

Define fuzzy topology 7,0=1 X 5 as follows

lif 4 e {0,1}
1
—if A =
2lf H,
|

t(A) = {2 = pa,
1_,”_
> H3,

0 if - otherwise

lif A e {01},
S = ua,

o (A)={—ifd = us

1
—if A
A

2

H 6

2

0if - otherwise
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Then the identity mapping id y :(X,7) > (Y,0) is % -fuzzy weakly /3 -open but not % -

fuzzy complementary weakly /3 -open.

Example 2.13.

r-fuzzy complementary weakly £ -open does not imply r -fuzzy weakly g -open.

Let X ={a,b} and A,42,43 24 € X U], 1) € 17 defined as follows.

A (a)=0.3,41(b)=0.4,21(c)=0.5,

A2(a)=0.6,42(b) =0.5,42(c) =0.5,

A3(a) = 0.6,43(b) = 0.5,13(c) = 0.4,

Aa(a)=0.3,24(b)=0.4,44(c) =04,

H1(a)=0.4,u1(b) =0.7, 11 (¢) = 0.5,

H12(a)=04,u2(b)=0.1, up(c)=0.5.

Define fuzzy topology 7 =1 X

1if 2 e {01}

1
£(A)={if 4 = {1,42,43,44 |
0 if

o (A) =

VOLUME 10, ISSUE 7, 2023

- otherwise

1if 2 e {0,1}

1
—if A =
zlf H1,

1
—if A =
2f H“

0 if - otherwise

— [ as follows
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Then the identity mapping id y :(X,7) > (Y,0) is ;— -fuzzy weakly £ -open but not

% -fuzzy complementary weakly /3 -open.

Note:
Examples 2.12 and 2.13 demonstrate the independence of complementary ;—

1
fuzzy weakly £ -openness and 5 -fuzzy weakly /3 -openness.

Theorem 2.14.

Let po(x,r) 1s r-fuzzy closed under intersections. If f:(X,7) > (Y,0) 1s

bijective »-fuzzy weakly g-open and c.w.p.o, then f is »-fuzzy g-open.
Proof.

Let 4 be an r-fuzzy open subset in X with x e 9, since f is r-fuzzy weakly g
-open, by Theorem 2.3(v) there exists a »-fuzzy p-open set » containing
f(x)=y suchthat < £(C, (%)) . Now Fr(4,r)=C,(4,r)— 9 and thus

x¢ Fr(9,r).. Hence y ¢ Fr(9,r). and therefore y en— f(Fr(4,r)). Put

ny =n-f(Fr(%r). a r-fuzzy p-open setsince f is c.w.p.o. Since

yeny,ye f(Fr(9,r)). But y¢ f(Fr(4,r)) and thus

ye f(Fr(9,r) = f(C; (&) - f($) which implies that y e 7(9) . Therefore

f9) =viny iny € pOY,0),y e f(9)}. Hence f is r-fuzzy g -open.

Theorem 2.15.

If 7:(X,7)—> (Y,o) isan a.o.S function, then it is a » -fuzzy weakly g -open
function.

Proof.

Let 9 be an r-fuzzy open setin X . Since f is a.0.S and 7,(C,(9,r),7)) 1S r-
fuzzy regular open, f(1,(C,(4,r),r)) 1s r-fuzzy open in Y and hence
)< U (Cr(9,r), )< I (f(Cr(4,7),7)< Bl (f(Cr(8,7),r)). This shows that 7

is r -fuzzy weakly g-open. The converse of Theorem 2.15 is not true in general.
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Example 2.16.

A r-fuzzy weakly p-open function need not be r -fuzzy a.o.S.

X Y
Let X:{a,b,c},Yz {a,b,c} and py,up el vi,vp el defined as follows:

#1(a)=0.3, 11 (b) =0.2, 11 (c) =0.7,
12(a)=0.38,u2(b)=0.8, up(c) =0.4,
v1(a)=0.8,01(h)=0.7,01(c) = 0.6,

v2(a)=0.5,02(b)=0.6,02(c)=0.2.

Define fuzzy topology 7 =1 X 57 as follows

1ifa e {0,1},

1

—if 1 =
2lf M1,
I .

3—lf/1 = H2,
r(4) =

2 .
3—lf/1=ﬂ1\/ﬂ2:

2 .
3—lf/1=ﬂlAﬂ2,

0 if - otherwise

lif A e 0,1}

Lia = v
o (1) = f ’
—ifA =voy,
2lf 2

0 if - otherwise

Then the identity mapping id y :(X,7) > (Y,0) is ;— -fuzzy weakly f -open but not

1 1.1.1
— -fuzzy a.0.S, since / 1. (C-(A,—),—),—)=¢.
5 Y r (U7 (Cr( 2) 2) 2) ¢
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Lemma 2.17.

If 7:(X,7)—> (¥,0) isa r-fuzzy continuous function, then for any r -
fuzzy subset & of X, f(C,(84,7r)<C;(f(9,7))

Theorem 2.18. If f:(X,7) > (Y,0) 1sa r-fuzzy weakly p-open and r-fuzzy

continuous function, then f is a r-fuzzy g-open function.
Proof.

Let 9 be a r-fuzzy open set in X . Then by r -fuzzy weak g-openness of f,
f($) < B (f(C(3,7),r). Since f 1is r-fuzzy continuous

f(C-(9,r) < C-(f(9,r) . Hence we obtain that,

S <P (f(Cr(8,7),) < PI (Co(f(%,7),7) < Cr (I (C7 (f(,r),7), 7). Therefore,
f($<C (I (f (4 1)) which shows that £(9) is a r-fuzzy p-opensetin Y.

Thus, 7 is a r-fuzzy p-open function.

Since every r -fuzzy strongly continuous function is r -fuzzy continuous we
have the following corollary.

Corollary 2.19.

If 7:(X,7)—> (Y,o0) is an injective r -fuzzy weakly g-open and r -fuzzy
strongly continuous function. Then f is r-fuzzy g-open.

Theorem 2.20.

If 7:(Xx,7)— (¥,0) is ainjective r -fuzzy weakly p-open function of a space X

onto a r-fuzzy p—connected space Y, then X is »-fuzzy connected.

Proof.

Let us assume that X is not r -fuzzy connected. Then there exist nonempty r -
fuzzy open sets 9; and 9, such that 9 n9r-4 and $ v 9, = X . Hence we have
SODAf(92)=¢ and f(I)v f($)=Y . Since f is r-fuzzy weakly p-open, we
have f(9;)<BI;(f(C;(9,r),r) for i=1,2 and since 9; is r-fuzzy open and also
r -fuzzy closed, we have f(C,(9;,r) = r(9;) for i=12. Hence f(9;) 1s r -fuzzy

p-openin Y for i=1,2. Thus, ¥ has been decomposed into two non-empty
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disjoint r -fuzzy p-open sets . This is contrary to the hypothesis that ¥ isa r-

fuzzy p—connected space. Thus X is connected.

Recall, that a space X is said to be hyperconnected [12, 13] if every nonempty
open subset of X is dense in X .

Theorem 2.21.

If x is a r-fuzzy hyperconnected space, then a function f:(X,r) > (¥,0) 1S r-
fuzzy weakly g-open if and only if f(X) 1s r-fuzzy p-openin Y .

Proof.

The sufficiency is clear. For the necessity observe that for any r -fuzzy open
subset 9 of X, f()< f(X)= Bl (f(X,r) =Bl (f(Cr(3,r),7)) -

3. r-fuzzy Weakly s-closed functions.
Now, we define the generalized form of » -fuzzy pg-closed functions

Definition 3.1.

A function f:(X,7r) - (Y,0) is said to be r -fuzzy weakly g-closed if
BC(f;(F,r),r) < f(F) for each closed set F in Xx.

The implications between 7 -fuzzy weakly B-closed (res. 7 -fuzzy weakly B-
open) functions and other types of  -fuzzy closed (resp. » -fuzzy open)
functions are given by the following diagram.
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r -fuzzy preclosed
(r -fuzzy preopen)

|

r -fuzzy closed functions r -fuzzy a-closed (7 -
(r -fuzzy open functions) —> | fuzzy a-open)

(r -fuzzy open functions) l

r -fuzzy Semiclosed
(7 -fuzzy semiopen)

N\
/

ISSN NO : 1844-8135

r -fuzzy B-closed
(r -fuzzy B-open)

|

r -fuzzy weakly [3-
closed (r -fuzzy
weakly B-open)

The converse of these statements are not necessarily true, as shown by the

following examples.

Example.3.2

An injective function from a fuzzy discrete space into an fuzzy indiscrete space
isr -fuzzy B-open and 7 -fuzzy B-closed, but neither  -fuzzy a-open nor r -fuzzy

a-closed.

Example.3.3

Let Xz{a,b} and Y ={p, q} .Define A],4) erX 7575 er?

A (a)=0.1,A1(b)=0.2,
A (a)=0.2,27 (b)=0.1,
11 (p)=0.6,11(q)=0.7,

12(p)=0.7, u2(¢) =0.6.

Define fuzzy topology 71,79 =1 X 571 asfollows
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Lif 4 e 0,1}

2
ZifA = A
3)f 1,

1

t1(4) = 4—l'f/1 A2

2

i—ifﬁ = A1 v 42,

0 if - otherwise

lifu e {0,1},
2 .
1 —_
T u =
1.

Ty ()= 4—lf/1 = Uy,

1.
4—lfﬂ=ﬂl\/ﬂ2

0 if - otherwise

Then the mapping f:(X,71) > (Y,7p) defineby f(a)=¢q, f(b) =¢g. Thenfis %—

fuzzy « -openand % -fuzzy « -closed but neither %-fuzzy open nor % -fuzzy closed

Example 3.4.

Letf: (X, t)— (Y, o) be the function from Example 2.2. Then it is shown
that f is r-fuzzy weakly g -closed which is not r-fuzzy weakly closed.

Example 3.5.

Let X={a,b,c} and Y ={p,q,r} .Define A1,4) erX i) er? as follows:
A1(a)=0.3,41(b)=0.7,41(c)=0.7
A2(a)=0.7,42(b)=0.3,42(c)=0.3,

#1(p)=0.1,1(¢)=0.3, 411 (r)=0.3
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#12(p)=0.3,u2(q)=0.1, 12 (g) =0.1.

Define fuzzy topology 71,79 =1 X 571 asfollows

T1(4) =

Ty (H) =

1if 2 e 0,15
A = A1,

1
—ifl = A
3)f 2,

;—ifﬂ = A1 v 42,

0if

- otherwise

lif u e {0, 1},

1.
2lfﬂ—#1,
l‘f ~

T =2,
1.
3—lfﬂ=ﬂ1\/ﬂ2

0if - otherwise

ISSN NO : 1844-8135

Then the mapping f:(X,71)— (Y,7p) defineby f(a)=¢q,f(b)=4q,f(c)=r.

Then f is ;— -fuzzy p -closed (;— -fuzzy f-open) but not ;— -fuzzy semi open (;— -

fuzzy semi closed) .

Example 3.6.

Let Xz{a,b,c} and Y ={p,q,r} .Define A1,4) e H] er?

A1(a)=0.4, A1 (b) =0.6, 41 (c) = 0.4

A (@)=0.6,15(b)=0.4, 17 (c) = 0.4,

#1(p)=0.6,1(q)=0.4, u1(r)=0.5
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Define fuzzy topology 71,79 =1 X 571 asfollows

Lif 2 e 0.1}

1

—if A = 1

2lf 1,

I

2—lf/1=/12,

r1(4) = |

2—1'f/1=/11v/12,

1.

2—lf/1=/11/\/12

0 if - otherwise
lifu e {01}
1 .

t2(p) = 2—lfﬂ=ﬂ1,

0if - otherwise

Then the identity mapping id y :(X,71) —> (Y,72) define by

f(a)=a,f(b)=b, f(c)=c. Thenfis %—fuzzy ﬂ—closed(;——fuzzy B -open)

but not % -fuzzy preclosed (;— -fuzzy preopen) .

Theorem 3.4.

For a function f:(X,7)— (¥,0), the following conditions are equivalent.

(1) f 1s r-fuzzy weakly pg-closed.

(1)  BC,(f (D) < f(C(9) for every r-fuzzy open set ¢ of x .

(1)  BC-(f(9) < f(C,(9) foreach r-fuzzy regular open subset 9 of x ,

(iv)  For each subset F in v and each r -fuzzy open set F in x with
FL(F) <9, there exists a 7 -fuzzy p-openset 4 iny with F <2

and r~l(Fy<c, ().,
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(v)  Foreachpoint y in v and each openset ¢ in x with s~ 1(y)<g,,
there exists a 7 -fuzzy g -openset 1 in ¥ containing y and
rta<s,

(Vi) BC(fU(C;(8,7),r), 7)< f(Cr(3,r)) foreachset 9 in x,

(Vil)  BC,(f(I;(6C;(9,7),7),r)< f(6C,(9,r)) foreachset 9 in x,

(viil)  BC,(f(4,r),r) < f(C(3,r)) foreach r-fuzzy p-openset 9 in x .

Proof. (i) — (ii). Let 9 be any 7 -fuzzy open subset of x . Then
PCr(f(8,r)=pCr(fUr(3r),r)< PC(fUr (Cr(3,r),7),r) < f(Cr(8,1)).

(ii) = (i) . Let F be any r -fuzzy closed subset of x . Then,
BC(fUr(8,r),r)< f(CoUp (F,r),r)< f(Cr(F,r)= f(F).

It 1s clear that: (ii) » (vii), (iv) —> (v), and (i) — (vi) — (viii) = (iii) = (i).

To show that (iii) > (iv), : Let F be a fuzzy subset in v and let ¢ be fuzzy
openin x with r~1(F)<9. Then r~1(F)n C (X -C,(9,r),r)=¢. and
consequently, F A f (C, (X —C;(%,r),r)=¢..Since X - C,(4,r) 1s r-fuzzy
regular open, F F A BC (f(X —C(&,7),r)=¢ by (iil).

Let A=Y - BC,(f(X -C,(9,r),r).. Then 1 1is r-fuzzy p-open with F <1

and ()< x— 7L BC (F(X=Cr). ) < X - £ LA =Cr(8,7) < Cp (9.7,

(vii) — (i) : It 1s suffices see that oC, (9,7) = C, (8,r) for every open sets 9 in
X .

(v) > (i) : Let F beclosedin x andlet yeY - f(F).Since f~l(»<x-F,
there exists a 7 -fuzzy p-open 4 in v with ye 1 and

rYaysc,(x -F,r) =X - 1,(F,r) by (v). Therefore A A f(I,(F,r)=4¢, SO
that ye Y - BC, (f (I, (F,r),r).. Thus (v) — (i) . Finally, for

(vii) — (viii) : Note that oc, (9,r) = C, (8,r) for each 7 -fuzzy g -open subset
¢ in x . The following theorem the proof is mostly straightforward and is
omitted
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Theorem 3.5.

For a function f:(X,r) - (¥,o) the following conditions are equivalent :

(1) 1 1s r-fuzzy weakly p -closed,
(1)  BC,(fU,(F,r),r)< f(F) for each r-fuzzy g -closed subset F in x,
(1) BC,(fU,(F,r),r)< f(F) forevery r-fuzzy « -closed subset F in x .

Remark 3.6.

By Theorem 2.5, if f:(X,r) - (¥,0) 1s a bijective function, then 1 is
r -fuzzy weakly g -open if and only if f is r-fuzzy weakly g -closed. Next
we investigate conditions under which r -fuzzy weakly g -closed functions

are r -fuzzy p-closed.

Theorem 3.7.

If 7F:(X,7)> (Y,0) 1s r-fuzzy weakly g -closed and if for each fuzzy closed
subset 7 of x and each fiber s ~1(y)< x - F there exists a open 9 of x

suchthat f~1()<9<cC,(9,r)<x - F.Then f is r-fuzzy $ -closed.

Proof. Let F is any closed subset of x and let ye Y — f(F). Then
() A F=¢ and hence s~1(y)< x - F.. By hypothesis, there exists a
open 9 of x suchthat r~1(y)<9<c,(9,r)=x - F..Since f is r-fuzzy
B -weakly -closed by Theorem 3.4, there exists a » -fuzzy g-open » in v
with yepand 1)<, (9,r) . Therefore, we obtain =1 () A F =4 and
hence n A f(F)= ¢, this shows that y ¢ gC, 1 (F,r). Therefore, f(F) is 7 -
fuzzy p-closed in v and f is r-fuzzy g -closed.

Theorem 3.8.
If 7:(X,7)—> (¥Y,0) 1s contra-open, then f is weakly g -closed.

Proof. Let F be a closed subset of x . Then,
PCrfU(F,r),r)< fUg(F,r)< f(F).

Theorem 3.9.
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If 7:(X,7)> (Y,0) 1s one-one and r -fuzzy weakly g -closed, then for every

subset 7 of ¥ and every open set 9 in x with f~!(F)< 9, there exists a

r -fuzzy B-closed set ¢ in v such that F < x and f_l(y) <C;(9,r).
Proof.

Let £ be a subset of v and let 9 be a open subset of x with r~1(F)<a.
Put u=pC,(f;(C;(3,r),r),r),then x isa r-fuzzy p-closed subset of v
such that 7 < 4 since

F<f(9)< fU(Cp(9,7),7)<C(fU(Cp(9,7),7),7)=pu.And since f is

r -fuzzy weakly g -closed, 7! (u)< C;(9,7).

Taking the set 7 in Theorem 3.9 to be y for y e ¥ we obtain the following
result.

Corollary 3.10.
If 7:(X,7) > (¥,0) 1s one-one and 7 -fuzzy weakly g -closed, then for every
point y in ¥ and every open set ¢ in x with £~ !(y)< g, there exists a 7 -

fuzzy p-closed set 4 in vy containing y such that f_1 ()< CL(4,r).

Recall that, a set F in a space x is r -fuzzy ¢-compact if for each cover
of F byopen ¢ in x, there is a finite family 9;,95.%3,.., 9, in  such that

F <I;(v{C;(8}:i=1.2,.,n})[16].
Theorem 3.11.

If 7:(X,7) > (Y,0) is r -fuzzy weakly g -closed with all fibers 6-closed, then
f(F) is r-fuzzy p-closed for each §-compact F in x .

Proof.

Let F be r-fuzzy ¢-compactandlet y Y — f(F). Then s~ () A F =4
and for each x e F there is an open U, containing x in X and

Cr(9) A~ f1(y)=¢..Clearly Q ={U, :x < F} is an open cover of 7 and
since F 18 r -fuzzy 6 -compact, there is a finite family

9% »9x2 9x 5 oo Hxn v in Q such that F <7, (4,r), where

A= v{C, (9x;):i=12,.., n} Since f is r-fuzzy weakly g -closed by Theorem
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2.5 there exists a » -fuzzy g-open 4 in vy with

roy<srYw=c,(x -1)X -1, (A,r)< X - F.. Therefore y e u and
punf(F)=¢.Thus yeY—pC,(f(F,r)). This shows that f(F) is r -fuzzy 8 -
closed. Two non empty subsets 4 and x in X are strongly separated [16], if
there exist open sets 9 and 5 in x with 1< 9 and x <75 and
C;(9,r)<C,(n,r)=¢.1f 2 and u are singleton sets we may speak of points

being strongly separated. We will use the fact that in a 7 -fuzzy normal
space, disjoint closed sets are strongly separated. Recall that a space X is
said to be r -fuzzy p -Hausdorff or in short g - 7, [10], if for every pair of

distinct points x and y, there exist two » -fuzzy g -open sets 9 and  such
that xe 9 and yey and 9An=4¢.

Theorem 3.12.

If f:(x,r)>¥,0)isar -fuzzy weakly g -closed surjection and all pairs of
disjoint r -fuzzy fibers are strongly separated, then ¥ is g -T75.

Proof.

Let y and z be two pointsin Y. Let 9 and » be open sets in X such that
1) e9 and r71(z)en respectively with C,(9) A C, () =¢. By r-fuzzy
S -closedness (Theorem 3.4(v)) there are 7 -fuzzy g -open sets F and u in
Y suchthat yeF and ze u, f~1(F)< C,(9) and < C; (). Therefore
FAu=¢,because C,(3) A C,(n)=¢ and f surjective. Then Y is g -T5.

Corollary 3.13.

If 7:(X,7) > (¥,0) is r -fuzzy weakly g -closed surjection with all fibers
closed and X is 7 -fuzzy normal, then Y is g -T,.

Corollary 3.14.

If £:(X,7)—> (¥,0) is continuous 7 -fuzzy weakly g -closed surjection with
X is a r-fuzzy compact T, space and Y is a r -fuzzy 77 space, then Y is 7 -
fuzzy compact g - T, space.
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Proof.

Since f is a r -fuzzy continuous surjection and Y is a r -fuzzy 7 space, Y is
r -fuzzy compact and all fibers are r -fuzzy closed. Since X is r -fuzzy
normal Y is also g -T.

Definition 3.15.

A topological space X is said to be » -fuzzy quasi H-closed (resp. r-fuzzy f -
space), if every r -fuzzy open (resp. » -fuzzy g -closed) cover of X has a finite

subfamily whose closures cover X . A subset 1 of a r -fuzzy topological space
X 1s r -fuzzy quasi H-closed relative to X (resp. 7 -fuzzy g -space relative to

X) if every cover of 2 by r-fuzzy open (resp. r -fuzzy S -closed) sets of X has
a finite subfamily whose r -fuzzy closures cover 1.

Lemma 3.16.

A function f:(X,7)— (Y,o0) is open if and only if for each <Y ,
e s (7 wary 191

Theorem 3.17.

Let X be an extremally disconnected space and po(Xx,r) closed under finite
intersections. Let f:(X,7) > (¥,o) be an open weakly B-closed function which
is one-one and such that 7 -1 y) 1s quasi H-closed relative to X for each y in ¥

.If G is p-space relative to ¥ then f _1(G) is quasi H-closed.

Proof.

Let {#, :a eI}, (I being the index set) be an open cover of f ~1(G). Then for
each ye G f(X), 1)< V{Cr (g ,r):a el(y)} =H, for some finite subfamily
I(y) of 1. Since X is extremally disconnected each C (,,,r) is open, hence
Hy, is openin X . So by Corollary 3.10, there exists a g -closed set 9,,
containing y such that f‘l(yy) <C;(Hy,r). Then,

ny 1 yeGAf(X)v{¥ - f(X)} isa g-closed cover of G,

G<v{Cr(Iy,r):yeK}v{C, (Y - f(X)} for some finite subset K of G A f(X).
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Hence and by Lemma 3.16,
@ svirTie @y yexyvirTic - 1)

<VAC (T Gy iy e KV IC (F T O = rony < (Co (TN 8y )y e K

SO f_l(G) <V{C;(ng,r):ael(y),yeK}. Therefore f_l(G) is quasi H-closed.
Corollary 3.18.

Let f:(X,7)— (Y,0) be as in Theorem 3.17. If v is g -space, then x is quasi-
H-closed.
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