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1. INTRODUCTION

The concept of Mathematical means is introduced and studied by Greek Mathematicians
based on proportions and their importance in the fourth century A.D in the Pythagorean
school [1, 4]. Later on several authors contributed and developed this field in view of the
applications to various branches of science and technology. In recent years, Lokesha et
al. obtained the relation between series and important means [9], Greek Means and
functional means [3, 5-7, 14, 22-27], introduced and studied Gnan mean in two and n
variables [3, 11], studied homogeneous functions as an application obtained some
inequalities involving means [8, 10], firstly studied Oscillatory mean, Oscillatory type
mean in Greek means, properties of new means, its generalizations and several mean
inequality results were found in [2, 9, 11,12]. In [15-21], Nagaraja et al. established good

number of inequalities involving means. In [28] Zhen Hang yang, proposed the Power
1

exponential mean of the form: Z(a,b) = (a“b” )ﬁ .

Definition 1.1: [13] For non-negative real numbers y € (0,%] and (1—-y) € E, 1) is

represented as a function given below;

1
Y, for 0<yS§

f) = 1
1-y, for ESy<1

In the discussion of the popular inequalities due to Ky Fan, the following are the standard
notations in »n variables.
For given n arbitrary non-negative real numbers y;,¥5,... Y, € (0,%], the unweighted

arithmetic, geometric and harmonic means are denoted by A,, G, and H,, respectively.
Also, the arithmetic, geometric and harmonic means of the set of elements 1 —y;,1 —
¥Y2,...,1 — y,, denoted by Ay, G;, and H;, respectively.
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1
Ap = A1, Y20 V) =~ Xima Vi

1

Gn = G (Y1, Y20+ V) = (TTi=1 y)»
Hy, = Hn(Yl:YZ:---:Yn) = %(1)
i=1\y.

=13,
and

A;L=A;L(1_3’1'1_ZV2' ,1 - y-n_)_ —Yi
Gh = Gh— 11 =Yoo 1= 3) = (ITy 1= y)n

Hy=Hy(1 =y, 1=y, 1= W) = —75~
En
For two positive arguments e and f above said means are given by; 4 = ﬂ, G =,/ef,

2
2ef r__ (1- 9)+(1 f) 1 — r__ 2(1-e)(1-1)
H=2Landa =C2CD ¢ = [A-oa-p, 0 =220

The motivation of the Work carried out by the eminent researchers and discussion with
experts, results in the study of a function which is parabolic in nature, which is defined as
follows.

Definition 1.2: For non-negative real numbers y € (0%] and (1 —y) € E 1) is
represented as a parabolic function given below;
2y?, for 0 <y< %
2(1—y)?, for %Sy< 1
The functions f(y) and f*(y) are graphically represented as shown below.

0s
04

03

—f(y)

- y)

Figure 1. Graphical representation of f(y) and f*(y)

The means A*,G* and H* are considered for the arguments lying on the curved path of
f*(y) and some important inequality chains involving them are established.

2. EXPRESSIONS FOR MEANS WHOSE ARGUMENTS IN
LINEAR PATH

y, for 0<y< 2
Consider the function of the form; f(y) = 1 2
1—y, for 2 <y<l1
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1 1
For a,b € (03], then Z(a,b) = (a®b)*%, Zi(a,b) = (aPb®)*?, A(a,b) =7

2 B

G(a,b) =Vab, H(ab) =22 H,(ab)=""""  ((ab)=2"" and C'(ab) =

3 a+
ab(a+b)
a2+b?
mean, Arithmetic mean, Geometric mean, Harmonic mean, Heron mean, Contra harmonic

are respectively called Power exponential mean, Invariant power exponential

mean and invariant contra harmonic mean.
Fora'=1—a, b'=1-b€ E, 1) the above said means are given by;
1
Z'(a,b) = [(1 - a)1-9(1 — b)(l—b)]z—(a+b) :
1
(Zi)’(a, b) = [(1 — a)(l—b)(l — b)(l—a)]z—(a+b)
A@b) =2 G'aby=vI—a—b+ab; H'(ab) =240

2—(a+b)

H!(a,b) = 2—a—b+\/;—a—b+ab; C'(a,b) = 2+a22-+-_b(112b()a+b); and
N l—a—-b+ab(2—-(a+b
(€) (ab) = G-lath)

2+a?+b?>—-2(a+b)

3. NEW FUNCTIONS AND THEIR TAYLOR’ SERIES EXPANSION

Now, define the ratio of means in the form of functions such that numerator is a mean for

. 1 . . .1
arguments in (0, E] and denominator is a mean for arguments in [E’ 1)as follows;

1
_giab) (abb®)a+b
fl(a'b) - (zi)l(a,b) -  NA=b) (1 _m\(1-a ﬁ
[(1-a)a-b)(1-b) =@ |2=(@¥D)
H(ab) ab
3 a, _ at+b
@) =Gy T-b—atab
2—(a+b)
f(a b) = G(a'b) = \/CE
3(a, G1(a,b) 1—a—b+ab
o) < He@h) a+ab +b
4\4, Hel(a.b) 2—a—b+m
fah) = o= 2
SO T AT (@, b) ~ 2= (a+b)
1
. Z(a,b) ~ (aa_bb)m
fe(a, b) 7@ —1
(- @01 - b)) @D
_ C(a,b) _ a+b_
fr(a,b) = Cl(a,b) 2+a?+b2—2(a+b)
2—(a+b)
fab) = @D _ a? + b

(CHY(ab) 1—a—b+ab(2—(a+bh))
2+a?+b%2-2(a+b)
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Putb = % and a =t € (O, %], then Taylor's series expansion of above defined functions

is given by;
tl =142t L + 21|t 12+8 t 13)+14- t 14+
fl(’z)_ ( 2) ( 2) ( 2) ( 2)
t2) = 1+2(e=2) 2 (e-2) +6(e=2) +10(e=2) +
fo\t:3)= 2 2 2 2

fs(t'%>= 1+2<t—%)+2<t—%)2+10(t—%)3+18<t—%)4+--~

It was observed that up to 2™ degree, the terms of all the eight series are same. By
considering 3™ and 4" degree terms, the following graph interpret the eight means.

1.2
1
Seriesl
0.8 Series2
Series3
0.6 Series4
Series5
0.4 - .
Series6
Series7
0.2 -
Series8
0
0.01 0.1 0.2 0.3 04 0.5

Figure 2. Graphical representation of fto fg
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Z(a,b) c(a,b) . Cc(a,b)
It was observed that Zian) < Ciap 1 holds for ¢ € (0.0076096,0.5) and Cian)
b) . o .
% is holds for t € (0.00001,0.0076096), also, it is evident from the graphs see
(figure 2 and figure 3).
0.7
0.6 —_——— —_
e Seriesl
0.5
e Series2
0.4 e Series3
= Seriesd
0.3 Series5
== Seriesb
0.2 Series7
01 Series8
0 T T | I T T T 1
0.0011110.0022220.0033330.0044440.0055550.0066660.0076090.008888

Figure 3. Graphical representation of f, to fg

Figure 3 shows the graph of f; to fg which holds for t € (0.00001,0.0076096) and
Figure 2 shows the graph of f; to fg which holds for t € (0.0076096,0.5), from the
above facts the following interpolating Ky-Fan type inequality chain holds. Thus, the
following two theorems are concluded.

Theorem 1: For b = %and a =t € (0.0076096,0.5), then

Ci(a,b) Zi(a, b) H(a,b) G(a,b) H,(a,b) A(a,b) Z(a,b) C(a,b)
CO @b ~@)ab) “H(ab) “Gi@b) “Hi@b) ~Ai@b) ~Zi@b) ~Ci(ab)

Theorem 2: For b = % and a =t € (0.00001,0.0076096), then

Ci(a,b) Zi(a, b) H(a,b) G(a,b) H,(a,b) A(a,b) C(a,b) Z(a,b)
€HYa,b) (ZH'(a,b) HY(a,b) G (a,b) Hi(a,b) A'(a,b) C(a,b) Z(ab)

4. EXPRESSIONS FOR MEANS WHOSE ARGUMENTS IN
CURVED PATH

2y?, for0<y<=2
Consider the function of the form; f*(y) = 1 z
2(1—y)?, for ;sy<1

1

Fora,b € (0,%], then Z*(a, b) = [(Zaz)zaz(ZbZ)sz]z“z“b2

1
7% (a,b) = [(2a2)2* 2022 77, 2 (a,b) = 2522 G*(a, b) = VZaZ2b?

VOLUME 8, ISSUE 1, 2021

1844-8135

PAGE NO: 110



International Journal of Pure Science Research ISSN NO : 1844-8135

« _ 4a?p? _ 2a%’+V4a?b2+2p2 ., __ 2a*+2p*
H*(a, b) = H;(a,b) = C*(a,b) = T and
; 2a%b?(a?+b? . . . .
L*
CY" = —————= are respectively called power exponential mean, invariant power

a*+b*
exponential mean, Arithmetic mean, Geometric mean, Harmonic mean, Heron mean,
Contra harmonic mean and invariant contra harmonic mean.

Fora'=1—a, b'=1—-b€ E, 1) the above said means are given by;

(2 (@ b) = [(2(1 — @)1= (2(1 - b2y2-DF [,

(Zi*)’(a, b) — [(2(1 _ a)Z)Z(l—b)Z (2(1 _ a)Z)Z(l—b)z]m;

2(1-a)?+2(1-b)?

(4)'(a,b) = ; ;. (6)(ab) =2(1 —a)?2(1 - b)?
o\ 4(1-a)?(1-b)? w7 2(1-a)*+/4(1-a)2(1-b)2+2(1-b)?
(HY (a,b) = ey (H (@ b) === = ;
! 2(1-a)*+2(1-b)* i\ 2(1-a)?(1-b)?[(1-a)*(1-b)*
(C ) (a, b) = m; and (Cl ) (a, b) = a4 [ a4 ]

(1-a)*+(1-b)*

5. NEW FUNCTIONS AND THEIR TAYLOR’ SERIES EXPANSION

Now, define the ratio of means in the form of functions such that numerator is a mean for

. 1 . . .1
arguments in O’E and denominator is a mean for arguments in > 1)as follows;

: 2\(2b%) 5y 207 ﬁ
frab) = Zil:(la,b) _ [(Za ) (2b2) ] b 1
(z%) (ab) [(2(1_a)2)2(1—b)2(2(1_a)2)2(1—b)2]m
4a?b?
f5(a,b) = H(ab) _ {az s bz}
2T (HYYab) ( 4(1 - a)?(1 - b)? )
(1—a)2+ (1 -b)?
G*(a,b) vV2a?%2b?
fia,b) === =
(6@ b)  [2(1 —a)22(1 — b)?
. 2a% +/4a2b? + 2b?
Fiab) = D) 3
e (H)'a,b)  2(1 —a)? +./4(1 — a)2(1 — b)? + 2(1 — b)?
3
2 2
. b 3 A*(a,b) B M
fs@b)= (A91(a,b)  2(1—a)?+2(1 — b)?
2
1
. Z*(a,b) (2a2)2a2(2b2)2b2 2a?+2b2
fe(@b) =T it - | ] T
’ [(2(1 - a)z)z(l—a)z(z(l _ b)2)2(1—b)2]2(1—a)2+2(1—b)2
2a* + 2b*
C*(a,b) %
f7*(a, b) — _ a- + b

(CHY(a,b) 2(1—a)*+2(1—b)*
(1-a)2+ (1 -b)2

VOLUME 8§, ISSUE 1, 2021 PAGE NO: 111



International Journal of Pure Science Research ISSN NO : 1844-8135

, 2a?b?(a? + b?)
* b) = Cl*(a' b) _ a* + b*
fa(a,b) = (C™)(a,b) 2(1—a)*>(1—b)?[(1 — a)?>(1 — b)?]
A-a)*+ 1 -b)*

Put b = % and a = te€E (0,%] , then Taylor's series expansion of above defined

functions is given by;

) reae-Doofe- sl oY o
()oY ofe-) vl (Yo
() oo ofe-) v vl o
) reae-Doole- +H Y Y
FEYmreefe-Y ooy vale- e
BEYmeefe-Yeled vole- e
FEYmeefe-Yeled -ale- o)

(1 1 1\? 1 1
8<t,—)=1+4(t——>+8<t——> +40(t——) +128(t——) +
2 2 2 2 2

It was observed that up to 2nd degree term all the terms of the series are same. By

considering 3™ and 4" degree terms, the following interpolating Ky-fan type inequality
chain holds.

Theorem 3: For b = %and a=te (O, %], then
C*(a,b) < Z"(a,b) < H*(a,b) < G*(a,b)
(€™ (ab) ~(Z™)'(ab) (HM'ab) " (G*)'(a,b)
H;(a,b) A*(a,b) Z*(a,b) C*(a,b)
(Ho)'(a,b) ~ (A)'(a,b) ~ (Z9)*(a,b) ~(C*)'(a,b)
The graphical representation of theorem 3 is as follows:
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((((( 0.1 0.2 0.3 0.4 0.49

Figure 4. Graphical representation of fj to fg

The theorems 1 and 3 are combined together and the resulting interpolating inequality
chain is gives as below.

Theorem 4: For b = %and a =t e (0.0076096,0.5), then

C'(a,b) Z'(a,b) H(a,b) G(a,b) H,(a,b) A(a,b)
€O @b) ~ @) (@b “H@b) ~Gi@b) ~HI(ab) A (ab)
Z(a,b) C(a,b) C*(a,b) Z()(ab) H*(a,b)
Z1(a,b) ~ Ci(a,b) ~ (€)(ab) - ZF)(a,b) ~ (H) (ab)
< G*(a,b) < H;(a,b) < A*(a,b) < Z*(a,b) < C*(a,b)
(G"(a,b) (HH'(ab) (A (ab) (Z*)'(ab) (C*)'(ab)

The theorems 2 and 3 are combined together and the resulting interpolating inequality
chain is gives as below.

Theorem 5: For b = % and a =t € (0.00001,0.0076096), then
Clab) _ Z'ab) _H(@b) _G(ab) He(ab) Aab)
(€H%(a,b) ~(ZHY(a,b) HY(a,b) G (a,b) Hi(a,b) Al(a,b)
C(a,b)  Z(a,b) C*(a,b) 7()(ab) H*(a,b)
Ci(@,b) ~Z'@b) ~ €@ b) ~ @M ab) - H)(ab)
G*(a,b) H;(a,b) A*(a,b) Z*(a,b) C*(a,b)
ST @b WD) @A) @b) ~ @)@b) - (€ (ab)

Note: The inequality chain so established for two arguments is holds good for n
arguments.

Conclusion: In this paper, new inequalities on ratio of means are established which are
similar to Ky Fan type inequalities by considering triangular wave function and parabolic
wave function in the interval (0,1). Further, investigation to be carried out on more
number of parabolic wave functions based on their nature.
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