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Abstract: In this paper, the investigations on mathematical means are carried out for the arguments lying 

on linear and curved paths. Further, an inequality chain involving important means is established which is an 
extension as well as strengthening of the Ky Fan type inequality, by using Taylor series expansion. 
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1. INTRODUCTION 
The concept of Mathematical means is introduced and studied by Greek Mathematicians 
based on proportions and their importance in the fourth century A.D in the Pythagorean 
school [1, 4]. Later on several authors contributed and developed this field in view of the 
applications to various branches of science and technology. In recent years, Lokesha et 
al. obtained the relation between series and important means [9], Greek Means and 
functional means [3, 5-7, 14, 22-27], introduced and studied Gnan mean in two and n 
variables [3, 11], studied homogeneous functions as an application obtained some 
inequalities involving means [8, 10], firstly studied Oscillatory mean, Oscillatory type 
mean in Greek means, properties of new means, its generalizations and several mean 
inequality results were found in [2, 9, 11,12]. In [15-21], Nagaraja et al. established good 
number of inequalities involving means. In [28] Zhen Hang yang, proposed the Power 

exponential mean of the form: babababaZ 
1

)(),( .  

Definition 1.1: [13] For non-negative real numbers 𝑦 ∈ ቀ0,
ଵ

ଶ
 ቃ and (1 − 𝑦) ∈ ቂ

ଵ

ଶ
, 1ቁ is 

represented as a function given below; 

𝑓(𝑦) = ൞
𝑦, for   0 < 𝑦 ≤

1

2

1 − 𝑦, for  
1

2
≤ 𝑦 < 1

 

In the discussion of the popular inequalities due to Ky Fan, the following are the standard 
notations in n  variables.  

For given 𝑛  arbitrary non-negative real numbers 𝑦ଵ, 𝑦ଶ, . . . 𝑦 ∈ ቀ0,
ଵ

ଶ
ቃ,  the unweighted 

arithmetic, geometric and harmonic means are denoted by 𝐴, 𝐺 and 𝐻 respectively. 
Also, the arithmetic, geometric and harmonic means of the set of elements 1 − 𝑦ଵ, 1 −

𝑦ଶ, . . . ,1 − 𝑦 denoted by  𝐴
ᇱ , 𝐺

ᇱ  and 𝐻
ᇱ   respectively. 
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𝐴 = 𝐴(𝑦ଵ, 𝑦ଶ, . . . , 𝑦) =
ଵ


∑ 𝑦


ୀଵ      

𝐺 = 𝐺(𝑦ଵ, 𝑦ଶ, . . . , 𝑦) = ( ∏ 𝑦

ୀଵ )

భ

  

𝐻 = 𝐻(𝑦ଵ, 𝑦ଶ, . . . , 𝑦) =


∑ ൬
భ


൰

సభ

                                                                                                  

and 

𝐴
ᇱ = 𝐴

ᇱ (1 − 𝑦ଵ, 1 − 𝑦ଶ, . . . , 1 − 𝑦) =
ଵ


∑ 1 − 𝑦


ୀଵ   

𝐺
ᇱ = 𝐺

ᇱ (1 − 𝑦ଵ, 1 − 𝑦ଶ, . . . , 1 − 𝑦) = (∏ 1 − 𝑦

ୀଵ )

భ

  

𝐻
ᇱ = 𝐻

ᇱ (1 − 𝑦ଵ, 1 − 𝑦ଶ, . . . , 1 − 𝑦) =


∑ ൬
భ

భష
൰

సభ

                                                                     

For two positive arguments 𝑒 and 𝑓 above said means are given by;  𝐴 =  
ା

ଶ
,   𝐺 = ඥ𝑒𝑓,

𝐻 =
ଶ

ା
  and 𝐴′ =

(ଵି)ା(ଵି)

ଶ
, 𝐺′ = ඥ(1 − 𝑒)(1 − 𝑓),  𝐻′ =

ଶ(ଵି)(ଵି)

(ଵି)ା(ଵି)
  

The motivation of the work carried out by the eminent researchers and discussion with 
experts, results in the study of a function which is parabolic in nature, which is defined as 
follows.  

Definition 1.2: For non-negative real numbers 𝑦 ∈ ቀ0,
ଵ

ଶ
 ቃ and (1 − 𝑦) ∈ ቂ

ଵ

ଶ
, 1ቁ is 

represented as a parabolic function given below; 

              𝑓∗(𝑦) = ቐ
2𝑦ଶ, for  0 < 𝑦 ≤

ଵ

ଶ

2(1 − 𝑦)ଶ, for  
ଵ

ଶ
≤ 𝑦 < 1

                          

The functions 𝑓(𝑦) and 𝑓∗(𝑦) are graphically represented as shown below. 

 

 

 

 

 

Figure 1. Graphical representation of 𝒇(𝒚) and 𝒇∗(𝒚) 

The means 𝐴∗, 𝐺∗ and 𝐻∗ are considered for the arguments lying on the curved path of 
𝑓∗(𝑦) and some important inequality chains involving them are established. 

2. EXPRESSIONS FOR MEANS WHOSE ARGUMENTS IN 
LINEAR PATH 

 

Consider the function of the form;   𝑓(𝑦) = ቐ
𝑦, for   0 < 𝑦 ≤

ଵ

ଶ

1 − 𝑦, for  
ଵ

ଶ
≤ 𝑦 < 1
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For 𝑎, 𝑏 ∈ ቀ0,
ଵ

ଶ
ቃ ,  then 𝑍(𝑎, 𝑏) = ൫𝑎𝑏൯

భ

ೌశ್ ,  𝑍(𝑎, 𝑏) = ൫𝑎𝑏൯
భ

ೌశ್ ,  𝐴(𝑎, 𝑏) =
ା

ଶ
,  

𝐺(𝑎, 𝑏) = √𝑎𝑏 ,  𝐻(𝑎, 𝑏) =
ଶ

ା
, 𝐻(𝑎, 𝑏) =

ା√ା

ଷ
 ,  𝐶(𝑎, 𝑏) =

మାమ

ା
, and 𝐶(𝑎, 𝑏) =

(ା)

మାమ  are respectively called Power exponential mean, Invariant power exponential 

mean, Arithmetic mean, Geometric mean, Harmonic mean, Heron mean, Contra harmonic 
mean and invariant contra harmonic mean. 

For 𝑎ᇱ = 1 − 𝑎, 𝑏ᇱ = 1 − 𝑏 ∈ ቂ
ଵ

ଶ
, 1ቁ the above said means are given by;  

𝑍ᇱ(𝑎, 𝑏) = ൣ(1 − 𝑎)(ଵି)(1 − 𝑏)(ଵି)൧
భ

మష(ೌశ್) ;  

൫𝑍൯
ᇱ
(𝑎, 𝑏) = ൣ(1 − 𝑎)(ଵି)(1 − 𝑏)(ଵି)൧

ଵ
ଶି(ା) 

𝐴ᇱ(𝑎, 𝑏) =
ଶି(ା)

ଶ
;     𝐺ᇱ(𝑎, 𝑏) = √1 − 𝑎 − 𝑏 + 𝑎𝑏;       𝐻ᇱ(𝑎, 𝑏) =

ଶ(ଵିିା)

ଶି(ା)
  

𝐻
ᇱ (𝑎, 𝑏) =

ଶିିା√ଵିିା

ଷ
;           𝐶ᇱ(𝑎, 𝑏) =

ଶାమାమିଶ(ା)

ଶି(ା)
;      and 

൫𝐶൯
ᇱ
(𝑎, 𝑏) =

1 − 𝑎 − 𝑏 + 𝑎𝑏൫2 − (𝑎 + 𝑏)൯

2 + 𝑎ଶ + 𝑏ଶ − 2(𝑎 + 𝑏)
 

 

3. NEW FUNCTIONS AND THEIR TAYLOR’ SERIES EXPANSION 
 

Now, define the ratio of means in the form of functions such that numerator is a mean for 

arguments in ቀ0,
ଵ

ଶ
 ቃ and denominator is a mean for arguments in ቂ

ଵ

ଶ
, 1ቁas follows;  

 𝑓ଵ(𝑎, 𝑏) =
௭(ೌ,್)

൫௭൯
భ

(,)
=

൫್ೌ൯
భ

ೌశ್

ൣ(ଵି)(భష್)(ଵି)(భషೌ)൧
భ

మష(ೌశ್)

 

𝑓ଶ(𝑎, 𝑏) =
𝐻(𝑎, 𝑏)

𝐻ଵ(𝑎, 𝑏)
=

𝑎𝑏
𝑎 + 𝑏

1 − 𝑏 − 𝑎 + 𝑎𝑏
2 − (𝑎 + 𝑏)

 

𝑓ଷ(𝑎, 𝑏) =
𝐺(𝑎, 𝑏)

𝐺ଵ(𝑎, 𝑏)
=

√𝑎𝑏

√1 − 𝑎 − 𝑏 + 𝑎𝑏
 

𝑓ସ(𝑎, 𝑏) =
𝐻(𝑎, 𝑏)

𝐻
ଵ(𝑎, 𝑏)

=
𝑎 + √𝑎𝑏 + 𝑏

2 − 𝑎 − 𝑏 + √1 − 𝑎 − 𝑏 + 𝑎𝑏
    

𝑓ହ(𝑎, 𝑏) =
𝐴(𝑎, 𝑏)

𝐴ଵ(𝑎, 𝑏)
=

𝑎 + 𝑏

2 − (𝑎 + 𝑏)
 

𝑓(𝑎, 𝑏) =
𝑍(𝑎, 𝑏)

𝑍ଵ(𝑎, 𝑏)
=

൫𝑎 . 𝑏൯
ଵ

ା

[(1 − 𝑎)(ଵି)(1 − 𝑏)(ଵି)]
ଵ

ଶି(ା)

 

𝑓(𝑎, 𝑏) =
𝐶(𝑎, 𝑏)

𝐶ଵ(𝑎, 𝑏)
=

𝑎ଶ + 𝑏ଶ

𝑎 + 𝑏
2 + 𝑎ଶ + 𝑏ଶ − 2(𝑎 + 𝑏)

2 − (𝑎 + 𝑏)

 

𝑓 (𝑎, 𝑏) =
𝐶(𝑎, 𝑏)

(𝐶)ଵ(𝑎, 𝑏)
=

𝑎𝑏(𝑎 + 𝑏)
𝑎ଶ + 𝑏ଶ

1 − 𝑎 − 𝑏 + 𝑎𝑏൫2 − (𝑎 + 𝑏)൯

2 + 𝑎ଶ + 𝑏ଶ − 2(𝑎 + 𝑏)
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Put 𝑏 =
ଵ

ଶ
 and  𝑎 = 𝑡 ∈  ቀ0,

ଵ

ଶ
ቃ, then Taylor's series expansion of above defined functions 

is given by; 

 𝑓ଵ ൬𝑡,
1

2
൰ = 1 + 2 ൬𝑡 −

1

2
൰ + 2 ൬𝑡 −

1

2
൰

ଶ

+ 8 ൬𝑡 −
1

2
൰

ଷ

+ 14 ൬𝑡 −
1

2
൰

ସ

+ ⋯ 

𝑓ଶ ൬𝑡,
1

2
൰ = 1 + 2 ൬𝑡 −

1

2
൰ + 2 ൬𝑡 −

1

2
൰

ଶ

+ 6 ൬𝑡 −
1

2
൰

ଷ

+ 10 ൬𝑡 −
1

2
൰

ସ

+ ⋯  

𝑓ଷ ൬𝑡,
1

2
൰ = 1 + 2 ൬𝑡 −

1

2
൰ + 2 ൬𝑡 −

1

2
൰

ଶ

+ 4 ൬𝑡 −
1

2
൰

ଷ

+ 6 ൬𝑡 −
1

2
൰

ସ

+ ⋯ 

𝑓ସ ൬𝑡,
1

2
൰ = 1 + 2 ൬𝑡 −

1

2
൰ + 2 ൬𝑡 −

1

2
൰

ଶ

+
8

3
൬𝑡 −

1

2
൰

ଷ

+
10

3
൬𝑡 −

1

2
൰

ସ

+ ⋯ 

𝑓ହ ൬𝑡,
1

2
൰ = 1 + 2 ൬𝑡 −

1

2
൰ + 2 ൬𝑡 −

1

2
൰

ଶ

+ 2 ൬𝑡 −
1

2
൰

ଷ

+ 2 ൬𝑡 −
1

2
൰

ସ

+ ⋯ 

𝑓 ൬𝑡,
1

2
൰ = 1 + 2 ൬𝑡 −

1

2
൰ + 2 ൬𝑡 −

1

2
൰

ଶ

− 2 ൬𝑡 −
1

2
൰

ଷ

−
20

3
൬𝑡 −

1

2
൰

ସ

+ ⋯ 

𝑓 ൬𝑡,
1

2
൰ = 1 + 2 ൬𝑡 −

1

2
൰ + 2 ൬𝑡 −

1

2
൰

ଶ

− 2 ൬𝑡 −
1

2
൰

ଷ

− 6 ൬𝑡 −
1

2
൰

ସ

+ ⋯ 

𝑓 ൬𝑡,
1

2
൰ = 1 + 2 ൬𝑡 −

1

2
൰ + 2 ൬𝑡 −

1

2
൰

ଶ

+ 10 ൬𝑡 −
1

2
൰

ଷ

+ 18 ൬𝑡 −
1

2
൰

ସ

+ ⋯ 

It was observed that up to 2nd degree, the terms of all the eight series are same. By 
considering 3rd and 4th degree terms, the following graph interpret the eight means. 

 

Figure 2. Graphical representation of  𝒇𝟏 𝒕𝒐 𝒇𝟖 
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It was observed that 
(,)

భ(,)
<

(,)

భ(,)
 is holds for 𝑡 ∈ (0.0076096, 0.5)  and  

(,)

భ(,)
<

(,)

భ(,)
 is holds for 𝑡 ∈ (0.00001, 0.0076096), also, it is evident from the graphs see 

(figure 2 and figure 3). 
 

 

Figure 3. Graphical representation of  𝒇𝟏 𝐭𝐨 𝒇𝟖 

Figure 3 shows the graph of 𝑓ଵ  to 𝑓   which holds for 𝑡 ∈ (0.00001, 0.0076096) and 
Figure  2 shows the graph of 𝑓ଵ  to 𝑓   which holds for 𝑡 ∈ (0.0076096, 0.5), from the 
above facts the following interpolating Ky-Fan type inequality chain holds. Thus, the 
following two theorems are concluded. 

Theorem 1: For 𝑏 =
1

2
 and  𝑎 = 𝑡 ∈ (0.0076096, 0.5), then 

𝐶(𝑎, 𝑏)

(𝐶)ଵ(𝑎, 𝑏)
<

𝑍(𝑎, 𝑏)

(𝑍)ଵ(𝑎, 𝑏)
<

𝐻(𝑎, 𝑏)

𝐻ଵ(𝑎, 𝑏)
<

𝐺(𝑎, 𝑏)

𝐺ଵ(𝑎, 𝑏)
<

𝐻(𝑎, 𝑏)

𝐻
ଵ(𝑎, 𝑏)

<
𝐴(𝑎, 𝑏)

𝐴ଵ(𝑎, 𝑏)
<

𝑍(𝑎, 𝑏)

𝑍ଵ(𝑎, 𝑏)
<

𝐶(𝑎, 𝑏)

𝐶ଵ(𝑎, 𝑏)
 

 

Theorem 2: For 𝑏 =
1

2
 and  𝑎 = 𝑡 ∈ (0.00001, 0.0076096), then 

𝐶(𝑎, 𝑏)

(𝐶)ଵ(𝑎, 𝑏)
<

𝑍(𝑎, 𝑏)

(𝑍)ଵ(𝑎, 𝑏)
<

𝐻(𝑎, 𝑏)

𝐻ଵ(𝑎, 𝑏)
<

𝐺(𝑎, 𝑏)

𝐺ଵ(𝑎, 𝑏)
<

𝐻(𝑎, 𝑏)

𝐻
ଵ(𝑎, 𝑏)

<
𝐴(𝑎, 𝑏)

𝐴ଵ(𝑎, 𝑏)
<

𝐶(𝑎, 𝑏)

𝐶ଵ(𝑎, 𝑏)
<

𝑍(𝑎, 𝑏)

𝑍ଵ(𝑎, 𝑏)
 

 

4. EXPRESSIONS FOR MEANS WHOSE ARGUMENTS IN 
CURVED PATH 

Consider the function of the form;    𝑓∗(𝑦) = ቐ
2𝑦ଶ, for  0 < 𝑦 ≤

ଵ

ଶ

2(1 − 𝑦)ଶ, for  
ଵ

ଶ
≤ 𝑦 < 1

 

 

For 𝑎, 𝑏 ∈ ቀ0,
ଵ

ଶ
ቃ,  then 𝑍∗(𝑎, 𝑏) = ൣ(2𝑎ଶ)ଶమ

(2𝑏ଶ)ଶమ
൧

భ

మೌమశమ್మ
 

𝑍∗(𝑎, 𝑏) = ൣ(2𝑎ଶ)ଶమ
(2𝑏ଶ)ଶమ

൧
భ

మೌమశమ್మ
;  𝐴∗(𝑎, 𝑏) =

ଶమାଶమ

ଶ
;  𝐺∗(𝑎, 𝑏) = √2𝑎ଶ2𝑏ଶ 

0

0.1
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0.3

0.4

0.5

0.6
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𝐻∗(𝑎, 𝑏) =
ସమమ

మାమ;  𝐻
∗(𝑎, 𝑏) =

ଶమା√ସమమାଶమ

ଷ
;  𝐶∗(𝑎, 𝑏) =

ଶరାଶర

మାమ   and 

 𝐶∗ =
ଶమమ൫మାమ൯

రାర   are respectively called power exponential mean, invariant power 

exponential mean, Arithmetic mean, Geometric mean, Harmonic mean, Heron mean, 
Contra harmonic mean and invariant contra harmonic mean. 
 

For 𝑎ᇱ = 1 − 𝑎, 𝑏ᇱ = 1 − 𝑏 ∈  ቂ
ଵ

ଶ
, 1ቁ the above said means are given by;  

(𝑍∗)ᇱ(𝑎, 𝑏) = ൣ(2(1 − 𝑎)ଶ)ଶ(ଵି)మ
(2(1 − 𝑏)ଶ)ଶ(ଵି)మ

൧
భ

మ(భషೌ)మశమ(భష್)మ
; 

൫𝑍∗൯
ᇱ
(𝑎, 𝑏) = ൣ(2(1 − 𝑎)ଶ)ଶ(ଵି)మ

(2(1 − 𝑎)ଶ)ଶ(ଵି)మ
൧

భ

మ(భషೌ)మశమ(భష್)మ
; 

(𝐴∗)ᇱ(𝑎, 𝑏) =
ଶ(ଵି)మାଶ(ଵି)మ

ଶ
;         (𝐺∗)ᇱ(𝑎, 𝑏) = ඥ2(1 − 𝑎)ଶ2(1 − 𝑏)ଶ 

(𝐻∗)ᇱ(𝑎, 𝑏) =
ସ(ଵି)మ(ଵି)మ

(ଵି)మା(ଵି)మ ;        (𝐻
∗)ᇱ(𝑎, 𝑏) =

ଶ(ଵି)మାඥସ(ଵି)మ(ଵି)మାଶ(ଵି)మ

ଷ
; 

(𝐶∗)ᇱ(𝑎, 𝑏) =
ଶ(ଵି)రାଶ(ଵି)ర

(ଵି)మା(ଵି)మ ;   and        ൫𝐶∗൯
ᇱ
(𝑎, 𝑏) =

ଶ(ଵି)మ(ଵି)మൣ(ଵି)మ(ଵି)మ൧

(ଵି)రା(ଵି)ర  

 

5. NEW FUNCTIONS AND THEIR TAYLOR’ SERIES EXPANSION 
 

Now, define the ratio of means in the form of functions such that numerator is a mean for 

arguments in ቀ0,
ଵ

ଶ
 ቃ  and denominator is a mean for arguments in ቂ

ଵ

ଶ
, 1ቁ as follows; 

𝑓ଵ
∗(𝑎, 𝑏) =

∗(,)

൫∗൯
భ

(,)
=

൫ଶమ൯
൫మ್మ൯

൫ଶమ൯
మೌమ

൨

భ

మೌమశమ್మ

ቂ(ଶ(ଵି)మ)మ(భష್)మ
(ଶ(ଵି)మ)మ(భష್)మ

ቃ

భ

మ(భషೌ)మశమ(భష್)మ

     

𝑓ଶ
∗(𝑎, 𝑏) =

𝐻∗(𝑎, 𝑏)

(𝐻∗)ଵ(𝑎, 𝑏)
=

൜
4𝑎ଶ𝑏ଶ

𝑎ଶ + 𝑏ଶൠ

൬
4(1 − 𝑎)ଶ(1 − 𝑏)ଶ

(1 − 𝑎)ଶ + (1 − 𝑏)ଶ൰
 

𝑓ଷ
∗(𝑎, 𝑏) =

𝐺∗(𝑎, 𝑏)

(𝐺∗)ଵ(𝑎, 𝑏)
=

√2𝑎ଶ2𝑏ଶ

ඥ2(1 − 𝑎)ଶ2(1 − 𝑏)ଶ
 

𝑓ସ
∗(𝑎, 𝑏) =

𝐻
∗(𝑎, 𝑏)

(𝐻
∗)ଵ(𝑎, 𝑏)

=

2𝑎ଶ + √4𝑎ଶ𝑏ଶ + 2𝑏ଶ

3

2(1 − 𝑎)ଶ + ඥ4(1 − 𝑎)ଶ(1 − 𝑏)ଶ + 2(1 − 𝑏)ଶ

3

 

𝑓ହ
∗(𝑎, 𝑏) =

𝐴∗(𝑎, 𝑏)

(𝐴∗)ଵ(𝑎, 𝑏)
=

2𝑎ଶ + 2𝑏ଶ

2
2(1 − 𝑎)ଶ + 2(1 − 𝑏)ଶ

2

 

𝑓
∗(𝑎, 𝑏) =

𝑍∗(𝑎, 𝑏)

(𝑍∗)ଵ(𝑎, 𝑏)
=

ൣ(2𝑎ଶ)ଶమ
(2𝑏ଶ)ଶమ

൧
ଵ

ଶమାଶమ

ൣ(2(1 − 𝑎)ଶ)ଶ(ଵି)మ(2(1 − 𝑏)ଶ)ଶ(ଵି)మ
൧

ଵ
ଶ(ଵି)మାଶ(ଵି)మ

 

𝑓
∗(𝑎, 𝑏) =

𝐶∗(𝑎, 𝑏)

(𝐶∗)ଵ(𝑎, 𝑏)
=

2𝑎ସ + 2𝑏ସ

𝑎ଶ + 𝑏ଶ

2(1 − 𝑎)ସ + 2(1 − 𝑏)ସ

(1 − 𝑎)ଶ + (1 − 𝑏)ଶ
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𝑓∗(𝑎, 𝑏) =
𝐶∗(𝑎, 𝑏)

(𝐶∗)ଵ(𝑎, 𝑏)
=

2𝑎ଶ𝑏ଶ(𝑎ଶ + 𝑏ଶ)
𝑎ସ + 𝑏ସ

2(1 − 𝑎)ଶ(1 − 𝑏)ଶ[(1 − 𝑎)ଶ(1 − 𝑏)ଶ]
(1 − 𝑎)ସ + (1 − 𝑏)ସ  

    

Put 𝑏 =
ଵ

ଶ
 and  𝑎 =  𝑡 ∈ ቀ0,

ଵ

ଶ
ቃ , then Taylor's series expansion of above defined 

functions is given by; 

𝑓ଵ
∗ ൬𝑡,

1

2
൰ = 1 + 4 ൬𝑡 −

1

2
൰ + 8 ൬𝑡 −

1

2
൰

ଶ

+ 32 ൬𝑡 −
1

2
൰

ଷ

+ 96 ൬𝑡 −
1

2
൰

ସ

+ ⋯ 

𝑓ଶ
∗ ൬𝑡,

1

2
൰ = 1 + 4 ൬𝑡 −

1

2
൰ + 8 ൬𝑡 −

1

2
൰

ଶ

+ 24 ൬𝑡 −
1

2
൰

ଷ

+ 64 ൬𝑡 −
1

2
൰

ସ

+ ⋯ 

𝑓ଷ
∗ ൬𝑡,

1

2
൰ = 1 + 4 ൬𝑡 −

1

2
൰ + 8 ൬𝑡 −

1

2
൰

ଶ

+ 16 ൬𝑡 −
1

2
൰

ଷ

+ 32 ൬𝑡 −
1

2
൰

ସ

+ ⋯ 

𝑓ସ
∗ ൬𝑡,

1

2
൰ = 1 + 4 ൬𝑡 −

1

2
൰ + 8 ൬𝑡 −

1

2
൰

ଶ

+
32

3
൬𝑡 −

1

2
൰

ଷ

+
32

3
൬𝑡 −

1

2
൰

ସ

+ ⋯ 

𝑓ହ
∗ ൬𝑡,

1

2
൰ = 1 + 4 ൬𝑡 −

1

2
൰ + 8 ൬𝑡 −

1

2
൰

2

+ 8 ൬𝑡 −
1

2
൰

3

− 16 ൬𝑡 −
1

2
൰

4

+ ⋯ 

𝑓
∗ ൬𝑡,

1

2
൰ = 1 + 4 ൬𝑡 −

1

2
൰ + 8 ൬𝑡 −

1

2
൰

2

+ 0 ൬𝑡 −
1

2
൰

3

− 32 ൬𝑡 −
1

2
൰

4

+ ⋯ 

𝑓
∗ ൬𝑡,

1

2
൰ = 1 + 4 ൬𝑡 −

1

2
൰ + 8 ൬𝑡 −

1

2
൰

2

− 8 ൬𝑡 −
1

2
൰

3

− 64 ൬𝑡 −
1

2
൰

4

+ ⋯ 

𝑓∗ ൬𝑡,
1

2
൰ = 1 + 4 ൬𝑡 −

1

2
൰ + 8 ൬𝑡 −

1

2
൰

2

+ 40 ൬𝑡 −
1

2
൰

3

+ 128 ൬𝑡 −
1

2
൰

4

+ ⋯ 

It was observed that up to 2nd degree term all the terms of the series are same. By 
considering 3rd and 4th degree terms, the following interpolating Ky-fan type inequality 
chain holds.   

Theorem 3: For 𝑏 =
ଵ

ଶ
 and  𝑎 =  𝑡 ∈ ቀ0,

ଵ

ଶ
ቃ, then 

𝐶∗(𝑎, 𝑏)

(𝐶∗)ଵ(𝑎, 𝑏)
<

𝑍∗(𝑎, 𝑏)

(𝑍∗)ଵ(𝑎, 𝑏)
<

𝐻∗(𝑎, 𝑏)

(𝐻∗)ଵ(𝑎, 𝑏)
<

𝐺∗(𝑎, 𝑏)

(𝐺∗)ଵ(𝑎, 𝑏)
 

                                                   <
𝐻

∗(𝑎, 𝑏)

(𝐻
∗)ଵ(𝑎, 𝑏)

<
𝐴∗(𝑎, 𝑏)

(𝐴∗)ଵ(𝑎, 𝑏)
<

𝑍∗(𝑎, 𝑏)

(𝑍∗)ଵ(𝑎, 𝑏)
<

𝐶∗(𝑎, 𝑏)

(𝐶∗)ଵ(𝑎, 𝑏)
 

The graphical representation of theorem 3 is as follows: 
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Figure 4. Graphical representation of  𝒇𝟏
∗  𝐭 𝐨  𝒇𝟖

∗  

The theorems 1 and 3 are combined together and the resulting interpolating inequality 
chain is gives as below. 

Theorem 4: For 𝑏 =
1

2
 and  𝑎 = 𝑡 ∈ (0.0076096, 0.5), then 

𝐶(𝑎, 𝑏)

(𝐶)ଵ(𝑎, 𝑏)
<

𝑍(𝑎, 𝑏)

(𝑍)ଵ(𝑎, 𝑏)
<

𝐻(𝑎, 𝑏)

𝐻ଵ(𝑎, 𝑏)
<

𝐺(𝑎, 𝑏)

𝐺ଵ(𝑎, 𝑏)
<

𝐻(𝑎, 𝑏)

𝐻
ଵ(𝑎, 𝑏)

<
𝐴(𝑎, 𝑏)

𝐴ଵ(𝑎, 𝑏)
 

 <
𝑍(𝑎, 𝑏)

𝑍ଵ(𝑎, 𝑏)
<

𝐶(𝑎, 𝑏)

𝐶ଵ(𝑎, 𝑏)
<

𝐶∗(𝑎, 𝑏)

(𝐶∗)ଵ(𝑎, 𝑏)
<

𝑍(∗)(,)

(𝑍∗)ଵ(𝑎, 𝑏)
<

𝐻∗(𝑎, 𝑏)

(𝐻∗)ଵ(𝑎, 𝑏)
 

                            <
𝐺∗(𝑎, 𝑏)

(𝐺∗)ଵ(𝑎, 𝑏)
 <

𝐻
∗(𝑎, 𝑏)

(𝐻
∗)ଵ(𝑎, 𝑏)

<
𝐴∗(𝑎, 𝑏)

(𝐴∗)ଵ(𝑎, 𝑏)
<

𝑍∗(𝑎, 𝑏)

(𝑍∗)ଵ(𝑎, 𝑏)
<

𝐶∗(𝑎, 𝑏)

(𝐶∗)ଵ(𝑎, 𝑏)
 

The theorems 2 and 3 are combined together and the resulting interpolating inequality 
chain is gives as below. 

Theorem 5: For 𝑏 =
1

2
 and  𝑎 = 𝑡 ∈ (0.00001, 0.0076096), then 

𝐶(𝑎, 𝑏)

(𝐶)ଵ(𝑎, 𝑏)
<

𝑍(𝑎, 𝑏)

(𝑍)ଵ(𝑎, 𝑏)
<

𝐻(𝑎, 𝑏)

𝐻ଵ(𝑎, 𝑏)
<

𝐺(𝑎, 𝑏)

𝐺ଵ(𝑎, 𝑏)
<

𝐻(𝑎, 𝑏)

𝐻
ଵ(𝑎, 𝑏)

<
𝐴(𝑎, 𝑏)

𝐴ଵ(𝑎, 𝑏)
 

 <
𝐶(𝑎, 𝑏)

𝐶ଵ(𝑎, 𝑏)
<

𝑍(𝑎, 𝑏)

𝑍ଵ(𝑎, 𝑏)
<

𝐶∗(𝑎, 𝑏)

(𝐶∗)ଵ(𝑎, 𝑏)
<

𝑍(∗)(,)

(𝑍∗)ଵ(𝑎, 𝑏)
<

𝐻∗(𝑎, 𝑏)

(𝐻∗)ଵ(𝑎, 𝑏)
 

                            <
𝐺∗(𝑎, 𝑏)

(𝐺∗)ଵ(𝑎, 𝑏)
 <

𝐻
∗(𝑎, 𝑏)

(𝐻
∗)ଵ(𝑎, 𝑏)

<
𝐴∗(𝑎, 𝑏)

(𝐴∗)ଵ(𝑎, 𝑏)
<

𝑍∗(𝑎, 𝑏)

(𝑍∗)ଵ(𝑎, 𝑏)
<

𝐶∗(𝑎, 𝑏)

(𝐶∗)ଵ(𝑎, 𝑏)
 

Note: The inequality chain so established for two arguments is holds good for 𝑛 

arguments.  

Conclusion: In this paper, new inequalities on ratio of means are established which are 

similar to Ky Fan type inequalities by considering triangular wave function and parabolic 
wave function in the interval (0,1). Further, investigation to be carried out on more 
number of parabolic wave functions based on their nature. 
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